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INTRODUCTION Graphing	  curves	  are	  a	  significant	  part	  of	  High	  School	  mathematics,	  as	  important	  as	  arithmetic	  and	  algebraic	  calculations.	  The	  high	  school	  curriculum	  focuses	  on	  the	  graphs	  of	  curves	  created	  in	  the	  Cartesian	  plane.	  However,	  most	  people	  are	  unfamiliar	  with	  some	  truly	  unique	  and	  special	  curves.	  Many	  of	  the	  curves	  that	  will	  be	  discussed	  were	  discovered	  by	  early	  mathematicians	  trying	  to	  solve	  one	  or	  more	  of	  the	  three	  classical	  problems.	  The	  classical	  problems	  were:	  1. Duplication	  of	  the	  Cube:	  construct	  a	  cube	  whose	  volume	  is	  double	  a	  given	  cube.	  2. Trisecting	  an	  Angle:	  divide	  an	  angle	  into	  three	  equal	  parts.	  3. Quadrature	  of	  a	  Circle:	  construct	  a	  square	  with	  the	  same	  area	  as	  a	  given	  circle.	  	   When	  mathematicians	  first	  posed	  these	  problems	  there	  were	  rules	  on	  how	  they	  could	  be	  solved.	  Solutions	  were	  supposed	  to	  be	  constructions	  using	  only	  the	  tools	  of	  an	  unmarked	  straightedge	  and	  a	  collapsible	  compass.	  Mathematicians	  soon	  realized	  that	  solving	  these	  problems	  this	  way	  was	  challenging.	  They	  were	  able	  to	  bisect	  angles	  and	  double	  squares,	  but	  these	  methods	  did	  not	  generalize	  further.	  They	  turned	  to	  other	  methods	  to	  solve	  the	  classical	  problems.	  Curves	  that	  would	  solve	  the	  classical	  problems	  were	  discovered	  and	  mathematicians	  tried	  to	  create	  these	  curves	  using	  a	  straightedge	  and	  compass.	  Although	  many	  tried	  to	  solve	  these	  problems	  for	  centuries,	  they	  were	  unable	  to	  do	  so.	  It	  was	  not	  until	  the	  19th	  century	  that	  it	  was	  proven	  that	  the	  classical	  problems	  could	  not	  be	  solved	  using	  the	  straightedge	  and	  compass	  method.	  However,	  a	  lot	  of	  useful	  mathematics	  and	  new	  techniques	  were	  discovered	  in	  the	  attempt	  to	  solve	  them.	  	  Many	  different	  curves	  will	  be	  examined,	  along	  with	  their	  history,	  derivation,	  and	  applications.	  Solutions	  to	  the	  classical	  problems	  will	  be	  given	  through	  use	  of	  selected	  curves.	  Applications	  of	  the	  curves	  will	  be	  mentioned	  in	  the	  mathematical	  and	  physical	  world.	  Further	  explanation	  of	  these	  applications	  can	  be	  researched	  using	  the	  references.	  Following	  the	  discussion	  of	  each	  curve	  will	  be	  a	  lesson	  or	  project	  about	  the	  curve	  that	  can	  be	  used	  in	  a	  specific	  course	  in	  the	  7-­‐12	  curriculum.	  Master	  keys	  of	  these	  lessons	  will	  be	  included	  and	  blank	  lessons	  will	  be	  provided	  in	  the	  appendix.	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1. CONIC SECTIONS 
 Some of the most basic mathematical curves are called conic sections, since 
slicing through a cone at different angles forms them. The curves that make up the conic 
sections are circles, parabolas, ellipses, and hyperbolas. The Greek mathematician 
Menaechmus (375-320 BC), a pupil of Plato (427-347 BC) and Eudoxus (390-337 BC), 
was the earliest mathematician known to have studied these different curves. He 
described a parabola as a “section of a right-angled cone”, an ellipse as a “section of an 
acute-angled cone”, and a hyperbola as a “section of an obtuse-angled cone.” Although 
they are lost now, Euclid (circa 300 BC) wrote four books on conic sections. Apollonius 
(15-100 AD), “the great geometer”, surpassed Euclid’s knowledge not long after. 
Apollonius provided the names for the parabola, ellipse, and hyperbola. He was the first 
to derive all three of these curves using the same cone, by slicing it at different 
inclinations. Slicing a double-napped cone also gives the conic sections, particularly both 
branches of a hyperbola. All of these cuts are shown in figure 1 below.  
 
 
 
 
 
 
 
 Some basic characteristics of conic sections follow. A circle, an ellipse, and a 
hyperbola all have a center. A parabola, an ellipse, and a hyperbola have vertices. All of 
the conic sections have a focus, a point from which distances are measured in forming a 
conic.  Other common characteristics that will be described in more detail with each 
conic section are directrix, axis of symmetry, major axis, and minor axis. Pappus (300 
AD) of Alexandria was the first mathematician to provide the focus and directrix 
properties of each curve. Descartes (1596-1650) transferred the curves to coordinate 
geometry, however Wallis (1616-1703) was the first to treat them systematically in this 
manner. Pascal (1623-1662) described these curves as projections of the circle, one of the 
earliest reports of projective geometry.  
Figure 1 
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Circle 
 The circle could be considered as the most fundamental curve in mathematics. 
The circle has been studied for many centuries, even before history was recorded. The 
circle, possibly due to its association with celestial objects, profoundly affected 
prehistoric people. This can be seen in the circle markings, engravings, and rock art from 
all over the world. This has inspired patterns found in early arts and crafts, such as 
ceramics. Leonardo da Vinci’s (1452-1519) drawing of Vitruvian Man is believed to be 
part of his attempt to solve the problem of squaring the circle. Da Vinci was illustrating a 
passage from De Architectura by Marcus Vitruvius (80-15 BC) describing a map placed 
on his back with arms and legs extending forming a circle and a square, see figure 2.  
 
 
 
 
 
 
 
 A formal definition of a circle is the set of all points in a plane that are equidistant 
from a given point, the center.  Some basic properties include the radius, diameter, and 
circumference. The radius is the distance from the center to the outside of the circle, or a 
segment whose endpoints are a point on the circle and the center of a circle. The diameter 
is a segment with two endpoints on the circle passing through its center. A circle has an 
infinite number or radii and diameters. The distance around a circle is called the 
circumference and the radius is used to find this value. The circumference of a circle can 
be calculated using the equation, 𝐶 = 2𝜋𝑟.           
 The general equation of a circle, in the Cartesian plane, centered at the origin is 
given by the equation 𝑥! + 𝑦! = 𝑟!, where r is the length of a radius. The equation for a 
circle centered at the point (ℎ, 𝑘) is (𝑥 − ℎ)! + (𝑦 − 𝑘)! = 𝑟!. The parametric equation 
of a circle is 𝑥 = 𝑎 cos 𝑡 ,𝑦 = 𝑎 sin 𝑡 . The polar equation is 𝑟 = 𝑎.  
 
Figure 2 
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 The circle is applied in many areas of mathematics and in the physical world. The 
circle was one of the curves that early mathematicians knew how to construct tangents to. 
Ahmes (1680 BC) was credited with developing the area formula for a circle, 𝐴 = 𝜋𝑟!.   
Thales (624-546 BC) was the first to develop theorems relating to circles. The third book 
of Euclid’s Elements is entirely about the properties of circles and relating them to 
polygons. Trigonometric functions are known as circular functions. The unit circle, a 
circle centered at the origin with a radius of 1, is a fundamental part of trigonometry. 
Geometry studies the many properties of a circle and its properties, such as angles, arcs, 
and sectors. Spherical geometry is the geometry on a sphere, the three dimensional 
version of a circle. In the physical world circles are seen everywhere, from clocks and 
camera lenses to the orbits of planets. Ptolemy (100 AD) was one of the first to present a 
model where planets orbited the Earth in circles. Copernicus developed another model in 
1593 where planets traveled in circular orbits but with the Sun at the center.  
 
Parabola 
 Parabolas come into play in connection with the Delian Problem, one of the three 
classical problems the Greeks attempted to solve. This problem challenged 
mathematicians to construct a cube with twice the volume of a given cube. In 1837, 
Pierre Wantzel proved that this problem couldn’t be solved using straightedge and 
compass constructions. However, Menaechmus was able to solve this problem by 
drawing two parabolas and also by drawing a parabola and a hyperbola. In order to solve 
the Delian Problem two geometric means need to be found between two given quantities. 
Figure 3 
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That is, “given a and b, find x and y such that !! = !! = !! ".  [14, 9] Menaechmus saw that 
this was equivalent in modern notation to finding the intersection of the parabolas with 
equations 𝑥! = 𝑎𝑦 and 𝑦! = 𝑏𝑥. 
Solving for x,                                  𝑥 = !!! = !! !! = !!!!! 
 𝑥𝑎!𝑏 = 𝑥! 
 𝑎!𝑏 = 𝑥! 
Letting 𝑏 = 2𝑎, we have 𝑥! = 2𝑎!and therefore x is the side of the cube with twice the 
volume of the cube of side a. What follows are some properties of the parabola.  
 According to Pappus, the parabola is defined as the set of all points that are the 
same distance from a line, l the directrix, and a point, F the focus, not on l. See figure 4 
below. The focus is located on the axis of symmetry of the parabola and the directrix is a 
line outside the parabola near the vertex. The axis of symmetry is a line perpendicular to 
the directrix passing through the vertex of a parabola. The directrix is either horizontal or 
vertical, depending on which variable is squared.  
 
 
 
 
 
 
 The standard equations for a parabola, with vertex (0,0), are 𝑦! = 4𝑎𝑥 and 𝑥! = 4𝑎𝑦. If the y variable is squared the parabola opens right or left, depending on 
whether the a value is positive or negative. If the x variable is squared, the parabola opens 
up or down, depending on whether the a value is positive or negative.  The value of 𝑎  is 
the distance from the origin to the focus and the distance from the origin to the directrix, 
implying that 2𝑎  is the distance from the focus to the directrix. A parabola not centered 
at the origin has the equation (𝑦 − 𝑘)! = 4𝑎(𝑥 − ℎ) or (𝑥 − ℎ)! = 4𝑎 𝑦 − 𝑘 ,  where 
Figure 4 
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Figure 5 Figure 6 
(ℎ, 𝑘) is the vertex. Table 1 below shows the different orientations of a parabola and how 
the properties of each type of parabola change based on the way it opens.  
 
 
 
 
 
 
 
 
 
 
 
 
 A common application of a parabola is to use this curve to describe an object in 
motion when thrown. Galileo (1564-1642) was the first to show that a projectile’s path is 
parabolic, a “fundamental result in the science of ballistics”. [14,10] In 1663 James 
Gregory came up with the idea of a reflecting telescope. Newton was the first to make 
one in 1668. Bringing parallel rays to a focus using a parabolic mirror makes this type of 
telescope. Parabolas are also used to make reflectors for searchlights, such as headlights 
on a vehicle, and for radar receivers. [14, 10] Automobile headlights are made with a 
parabolic reflector. The light source, filament, is placed at the reflector’s focus and the 
light rays will reflect from the mirror. These rays will be parallel to the axis of symmetry, 
see figure 5 below. When the filament is moved to different positions the direction of the 
beam of light changes, this can be seen in figure 6 below. 
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Ellipse 
 The ellipse was another conic section that Menaechmus studied. About 2000 
years after Menaechmus, Kepler (1571-1630) was studying the motion of Mars. At first 
Kepler thought that the orbit of Mars was in the shape of an oval, he soon realized that it 
was actually an ellipse. Kepler was the first person to introduce the word “focus” with the 
conic sections. His first law of planetary motion states that “the planets movie in ellipses, 
with the sun at one focus”. [14, 22] Later in 1680 Newton, using his newly created 
calculus, deduced from his assumed laws that this was true. This information lead to 
more studies on the rotation of the earth and the eventual acceptance of the Copernican 
Theory. Mathematicians began to think that the Earth might not be a sphere, but actually 
an ellipsoid. Beginning in 1743, more exact measurements of the latitude in different 
parts of the world were calculated. This confirmed that the Earth was in fact an ellipsoid. 
In 1663, James Gregory’s designed a reflecting telescope using a parabolic mirror. 
Behind the focus of this mirror he placed a smaller elliptical mirror to reflect the ray to 
the eyepiece.  
 The definition of an ellipse is the set of all points for which the sum of the 
distances to two fixed points, called foci, is constant. Looking at figure 7 below, any 
point 𝑥,𝑦  on the ellipse has the distances 𝑑! and 𝑑! to the two foci. The sum, 𝑑! + 𝑑! 
is always constant no matter where the point 𝑥,𝑦  is on the ellipse.  
 
 
 
 
 
 
 
 
There are two standard equations for an ellipse with the center at the origin. A horizontal 
ellipse is given by the equation !!!! + !!!! = 1. A vertical ellipse is given by the equation !!!! + !!!! = 1. It is important to note that the value of a is always greater than the value of 
Figure	  7	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b. This is what determines whether the ellipse is horizontal or vertical. If the larger 
denominator, a, is with the x variable than the ellipse is horizontal. If the larger 
denominator, a, is with the y variable the ellipse is vertical. On an ellipse there is a major 
axis and a minor axis. The major axis connects the vertices of the ellipse and is the longer 
axis. The two foci are on the major axis.  In order to find the coordinates of the foci the 
Pythagorean relationship, 𝑎! = 𝑏! + 𝑐!,  is used. Table 2 below shows the properties of a 
horizontal and vertical ellipse. 
 
Properties of Ellipses with Center (0,0) 
 
 
 
Graph 
 
 
 
 
 
 
 
 
 
 
 
 
 
Standard Equation 
x2
a2 +
y2
b2 =1 
 
Elongates Horizontally 
 
 
Elongates Vertically 
Center (0,0) (0,0) 
Major axis along line 𝑦 = 0 𝑥 = 0 
Length of major axis 2a 2a 
Minor axis along line 𝑥 = 0 𝑦 = 0 
Length of minor axis 2b 2b 
Vertices (±𝑎, 0) (0,±𝑎) 
Endpts Minor Axis (EPMA) (0,±𝑏) (±𝑏, 0) 
Foci (±𝑐, 0) (0,±𝑐) 
 
y2
a2 +
x2
b2 =1
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 The equation for an ellipse changes if the vertex is at ℎ, 𝑘 . The equation for the 
horizontal ellipse is (!!!)!!! + (!!!)!!! = 1. The equation for a vertical ellipse is  
 (!!!)!!! + (!!!)!!! = 1. Table 3 shows the properties for an ellipse with center ℎ, 𝑘 . 
 
Properties of Ellipses with Center (ℎ, 𝑘) 
Graph 
 
 
 
 
 
  
Standard Equation 
 
 
Elongates Horizontally 
1
b
)hx(
a
)ky(
2
2
2
2
=
−
+
−
 
 
Elongates Vertically 
Center (ℎ, 𝑘) (ℎ, 𝑘) 
Major axis along line 𝑦 = 𝑘 𝑥 = ℎ 
Length of major axis 2a 2a 
Minor axis along line 𝑥 = ℎ 𝑦 = 𝑘 
Length of minor axis 2b 2b 
Vertices (ℎ ± 𝑎, 𝑘) (ℎ, 𝑘 ± 𝑎) 
Endpts Minor Axis 
(EPMA) 
(ℎ, 𝑘 ± 𝑏) (ℎ ± 𝑏, 𝑘) 
Foci (ℎ ± 𝑐, 𝑘) (ℎ, 𝑘 ± 𝑐) 
 
 One of the most known applications of ellipses is that planets around the sun, or 
moons and satellites around planets, all orbit in elliptical paths. Ellipses are used in other 
ways besides orbits. If an ellipse is rotated about its major axis a football is formed. 
Elliptical billiard tables are interesting. A unique application of ellipses is found in 
whispering galleries. The Statuary Hall in the U.S. Capital building is one of these 
1
b
)ky(
a
)hx(
2
2
2
2
=
−
+
−
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designs. John Quincy Adams was the first to discovery the acoustical properties of this 
room. He placed his desk at a focal point and was able to eavesdrop on conversations of 
people near the second focal point. The Mormon Tabernacle in Salt Lake City, St. Paul’s 
Cathedral in London, and Grand Central Station in New York all contain whispering 
galleries. [18] 
 
Hyperbola 
 The final conic section that will be discussed is the hyperbola. In his second 
method of solving the Delian Problem, Menaechmus intersected a rectangular hyperbola 
and a parabola. Aristaeus (370-300 BC) and Euclid both studied a single branch of the 
general hyperbola in their works Solid Loci and Conics, respectively. Unfortunately both 
of these books have been lost and therefore mathematicians do not know to what extent 
hyperbolas were discussed in them. The first mathematician to study the double-branched 
hyperbola was Apollonius (262-190 BC).  
 The definition of a hyperbola is the set of all points in the plane for which the 
difference of the distances to the two foci is constant, see figure 8 below. This means that 
for any point (𝑥,𝑦) on the hyperbola, the difference 𝑑! − 𝑑! is constant.  
 
 
 
 
 
 
 
There are two standard equations for a hyperbola with a center at the origin. A hyperbola 
that opens horizontally is given by the equation !!!! − !!!! = 1. A hyperbola that opens 
vertically is given by the equation !!!! − !!!! = 1. The transverse axis connects the two 
vertices, which lie on the hyperbola. In figure 8 above the transverse axis lies on the  
x-axis. The conjugate axis runs perpendicular to the transverse axis through the center. In 
figure 8 above the conjugate axis lies on the y-axis. The Pythagorean relationship, 
Figure	  8	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𝑎! + 𝑏! = 𝑐!, where c is the largest, is true for all hyperbolas. The distance from the 
center to a vertex is a, while b is the distance from the center to an endpoint of the 
conjugate axis. The distance from the center to a focus is c. The equations for a hyperbola 
with center (ℎ, 𝑘) are (!!!)!!! − !!! !!! = 1,  which opens horizontally, and  (!!!)!!! − !!! !!! = 1, which opens vertically. Table 4 below shows the properties of 
hyperbolas with center ℎ, 𝑘 . 
Main Facts About Hyperbolas with Center (h,k) 
 
Graph 
 
 
 
 
 
 
 
 
Standard Equation 1
b
)ky(
a
)hx(
2
2
2
2
=
−
−
−  1
b
)hx(
a
)ky(
2
2
2
2
=
−
−
−  
Transverse Axis  y = k x = h 
Length of transverse axis 2a 2a 
Conjugate axis  x = h y = k 
Length of conjugate axis 2b 2b 
Vertices (ℎ − 𝑎, 𝑘) and (ℎ + 𝑎, 𝑘) (ℎ, 𝑘 − 𝑎) and (ℎ, 𝑘 + 𝑎) 
Endpts Conjugate Axis 
(EPCA) 
(ℎ, 𝑘 − 𝑏) and (ℎ, 𝑘 + 𝑏) (ℎ − 𝑏, 𝑘) and (ℎ + 𝑏, 𝑘) 
Foci (ℎ − 𝑐, 𝑘) and (ℎ + 𝑐, 𝑘) (ℎ, 𝑘 − 𝑐) and (ℎ, 𝑘 + 𝑐) 
Asymptotes 
(diagonals) 
y− k = ± ba (x − h)  y− k = ±
a
b (x − h)  
  
 Just like the parabola and ellipse, the hyperbola is used in a reflecting telescope. 
Cassegraine’s design, in 1672, contained a small hyperbola mirror placed in front of the 
focus of the parabolic mirror. The purpose of this was to reflect the rays to the eyepiece. 
The hyperbola is also important in the study of theory and practice of sound ranging and 
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radar navigation. The property that the difference of the focal distances is constant is 
important in these topics. In 1953, a pilot flying faster than the speed of sound flew over 
an Air Force base. Every building on the base was damaged. When a plane moves faster 
than the speed of sound a wave in the shape of a cone is formed. When that wave 
intersects the ground it is in the shape of a hyperbola. This is when a sonic boom occurs. 
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CONIC SECTIONS LESSON PLAN 
 
This unit on conic sections is created for a high school Pre-Calculus course. It is designed 
as a lecture unit with students filling in guided notes. The unit will be divided into the 
 following lessons. 
• Overview/Circle 
• Parabola 
• Ellipse 
• Hyperbola 
After the overview and circle, each lesson is designed to take at 1-2 days of instruction 
followed by a day of individual practice for the students.  
 
Included will be partial sections of guided notes from several of the lessons. 
Any notes in red will be the required answers that students would need to fill in.  
 
Guided notes are set up to review the equations of the conic sections first centered at the     
origin, and then centered at ℎ, 𝑘 . Students will then be required to draw the conic 
sections given different types of information. At the end of each section students will 
complete application problems related to each conic section.  	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Center	  
Vertices	  
Focus	  
Directrix	  
Axis	  of	  Symmetry	  
Major	  Axis	  
Minor	  Axis	  
Conic	  Sections:	  Overview	  	  Conic	  sections	  are	  the	  curves	  which	  can	  be	  derived	  from	  taking	  slices	  of	  a	  "double-­‐napped"	  cone.	  There	  are	  four	  types	  of	  Conic	  Sections:	  	  
• Parabolas	  
• Ellipses	  
• Circles	  
• Hyperbolas	  	  	  There	  are	  some	  basic	  terms	  that	  you	  should	  know	  for	  this	  topic:	  	  
• ______________:	  the	  point	  (h,	  k)	  at	  the	  center	  of	  a	  circle,	  an	  ellipse,	  or	  an	  hyperbola.	  
• ______________	  :	  in	  the	  case	  of	  a	  parabola,	  the	  point	  (h,	  k)	  at	  the	  turning	  point	  of	  a	  parabola;	  in	  the	  case	  of	  an	  ellipse,	  an	  end	  of	  the	  major	  axis;	  in	  the	  case	  of	  an	  hyperbola,	  the	  turning	  point	  of	  a	  branch	  of	  an	  hyperbola.	  
• _______________	  :	  a	  point	  from	  which	  distances	  are	  measured	  in	  forming	  a	  conic;	  a	  point	  at	  which	  these	  distance-­‐lines	  converge,	  or	  "focus";	  the	  plural	  form	  is	  "foci".	  
• _____________________	  :	  a	  line	  from	  which	  distances	  are	  measured	  in	  forming	  a	  conic.	  
• ________________________________________	  :	  a	  line	  perpendicular	  to	  the	  directrix	  passing	  through	  the	  vertex	  of	  a	  parabola.	  
• ________________________________________	  :	  a	  line	  segment	  perpendicular	  to	  the	  directrix	  of	  an	  ellipse	  and	  passing	  through	  the	  foci.	  
• ________________________________________	  :	  	  a	  line	  segment	  perpendicular	  to	  and	  bisecting	  the	  major	  axis	  of	  an	  ellipse;	  the	  segment	  terminates	  on	  the	  ellipse	  at	  either	  end.	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parabola	  circle	  
ellipse	  
hyperbola	  
Given	  an	  equation,	  how	  do	  I	  know	  which	  sort	  of	  conic	  it	  is?	  Just	  as	  each	  conic	  has	  a	  typical	  shape, so	  also	  each	  conic	  has	  a	  "typical"	  equation	  form,	  sometimes	  along	  the	  lines	  of	  the	  following:	  	  parabola:	  Ax2	  +	  Dx	  +	  Ey	  =	  0	  circle:	  x2	  +	  y2	  +	  Dx	  +	  Ey	  +	  F	  =	  0	  ellipse:	  Ax2	  +	  Cy2	  +	  Dx	  +	  Ey	  +	  F	  =	  0	  hyperbola:	  Ax2	  –	  Cy2	  +	  Dx	  +	  Ey	  +	  F	  =	  0	  	  Practice:	  Classify	  the	  following	  equations	  according	  to	  the	  type	  of	  conic	  each	  represents:	  	   A)	  3x2	  +	  3y2	  –	  6x	  +	  9y	  –	  14	  =	  0	  	   B)	  6x2	  +	  12x	  –	  y	  +	  15	  =	  0	  	   C)	  x2	  +	  2y2	  +	  4x	  +	  2y	  –	  27	  =	  0	  	   D)	  x2	  –	  y2	  +	  3x	  –	  2y	  –	  43	  =	  0	  	  A)	  Both	  variables	  are	  squared,	  and	  both	  squared	  terms	  are	  multiplied	  by	  the	  same	  number,	  so	  this	  is	  __________________________________.	  	  B)	  Only	  one	  of	  the	  variables	  is	  squared,	  so	  this	  is	  	  ________________________________.	  	  C)	  Both	  variables	  are	  squared	  and	  have	  the	  same	  sign,	  but	  they	  aren't	  multiplied	  by	  the	  same	  number,	  so	  this	  is	  ___________________________________	  .	  	  	  D)	  Both	  variables	  are	  squared,	  and	  the	  squared	  terms	  have	  opposite	  signs,	  so	  this	  is	  a	  ________________________________________	  .	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Same	  distance	  away	  from	  a	  line	  l,	  the	  directrix,	  and	  a	  point	  F,	  the	  focus	  not	  on	  l	  
the	  focus	  to	  directrix	  
C:	  (0,0)	  	  	  	  	  	  F:	  (±𝑐,0)	  	  V:  (±𝑎,0)	  	  EPMA:  (0,±𝑏)	  
C:	  (0,0)	  	  	  	  	  	  F:	  (0,±𝑐)	  	  V:  (0,±𝑎)	  	  EPMA:  (±𝑏, 0)	  Note:	  a	  >	  b	  and	  a	  >	  c	  ALWAYS!	  EPMA	  =	  End	  Points	  Minor	  Axis	  
The	  Parabola	  	  Definition:	  	  A	  parabola	  is	  the	  set	  of	  all	  points	  which	  are:	  	  	   	   	   	   	  	  	   	   	   	   	   	   	   	   	   	   	   	   	  	  Standard	  Equation	  for	  a	  parabola	  with	  vertex	  (0,0)	  and	  focus	  at	  (a,0)	  (or	  (0,a))	  is:	  	   𝑎, 0 :        𝑦! = 4𝑎𝑥                                       0,𝑎 :        𝑥! = 4𝑎𝑦	  	   Characteristics	  of	  a	  Parabola	  with	  a	  >	  0:	  Standard	  Equation	   y2	  =	  4ax	   y2	  =	  	  –	  4ax	   x2	  =	  4ay	   x2	  =	  	  –	  4ay	  Vertex	   (0,0)	   (0,0)	   (0,0)	   (0,0)	  Opens	   Right	   Left	   Up	   Down	  Axis	  of	  Symmetry	   y	  =	  0	   y	  =	  0	   x	  =	  0	   x	  =	  0	  Focus	   𝑎, 0   	   −𝑎, 0 	   0,𝑎   	   0,−𝑎 	  Directrix	   x	  =	  -­‐a	   x	  =	  a	   y	  =	  -­‐a	   y	  =	  a	  	  Note	  that	  the	  value	  of	  “a”	  is	  always	  	  the	  distance	  from	  	   the	  origin	  to	  focus	   and	  the	  distance	  from	  	   the	  origin	  to	  directrix	   	   	   .	  	  	  Thus,	  2a	  is	  the	  distance	  from	  _____________________________________________	  .	  	  
The	  Ellipse	  	  Definition:	  	  The	  ellipse	  is	  the	  set	  of	  all	  points	  in	  the	  plane	  for	  which:	  	  The	  sum	  of	  the	  distances	  to	  two	  fixed	  points	  (foci)	  is	  constant.	  	  The	  two	  Standard	  Equations	  for	  an	  ellipse	  with	  center	  at	  (0,0)	  are:	  𝑥!𝑎! + 𝑦!𝑏! = 1                                                                                                                                                       𝑦!𝑎! + 𝑥!𝑏! = 1	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a	  >	  b	   a	  >	  c	  
Translation	  of	  Ellipses	  to	  Center	  (h,k)	  	   Main	  Facts	  About	  Ellipses	  with	  Center	  (h,k)	  
Standard	  Equation	   	  	  Elongates	  Horizontally	  
	  	  Elongates	  Vertically	  Center	   (h,k)	   (h,k)	  Major	  axis	  along	  line	   y	  =	  k	   x	  =	  h	  Length	  of	  major	  axis	   2a	   2a	  Minor	  axis	  along	  line	   x	  =	  h	   y	  =	  k	  Length	  of	  minor	  axis	   2b	   2b	  Vertices	   (ℎ ± 𝑎, 𝑘)	   (ℎ, 𝑘 ± 𝑎)	  Endpts	  Minor	  Axis	  (EPMA)	   (ℎ, 𝑘 ± 𝑏)	   (ℎ ± 𝑏, 𝑘)	  Foci	   (ℎ ± 𝑐, 𝑘)	   (ℎ, 𝑘 ± 𝑐)	  Symmetry	  about	  lines	   y	  =	  k	  and	  x	  =	  h	   y	  =	  k	  and	  x	  =	  h	  	  Note	  that	  the	  value	  of	  	  “a”	  is	  always	  	   	   	   	  and	  	   	   	   .	  	  	  
 
 
Examples	  
	  
Parabola	  
 Find	  the	  standard	  equation	  of	  the	  parabola	  that	  satisfies	  the	  given	  conditions.	  	  a)	  focus:	  (0,4);	  directrix:	  y	  =	  -­‐2	   	   	   b)	  vertex:	  (1,1);	  directrix:	  y	  =	  2	  	  ℎ = 0            𝑘 + 𝑎 = 4	  	  𝑘 = 4+−22 = − 22 = −1	  	  −1+ 𝑎 = 4 → 𝑎 = 5	  	  (𝑥 − 0)! = 4(5)(𝑦 − (−1))	  	  𝒙𝟐 = 𝟐𝟎(𝒚+ 𝟏)	  	  
1
b
)ky(
a
)hx(
2
2
2
2
=
−
+
− 1
b
)hx(
a
)ky(
2
2
2
2
=
−
+
−
ℎ = 1          𝑘 = 1	  	   𝑘 + 𝑎 = 2	  	   1 + 𝑎 = 2	  	   𝑎 = 1	  	   (𝒙− 𝟏)𝟐 = −𝟒(𝒚− 𝟏)	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Horizontal	  
(−2,−1)          (8,−1)	  
(3,2)          (3,−4)	  
(7,−1)          (−1,−1)	  
  (3,−1)	  
Find	  the	  vertex,	  focus,	  and	  directrix	  of	  the	  parabola,	  and	  then	  graph.	  	  	  (𝑦 + 2)²   =   8(𝑥 − 3)	  	   	   	   	   	   	  	  Opens	  Right	  𝑉: (3,−2)	  4𝑎 = 8 → 𝑎 = 2	  𝐹: 3+ 2,−2 = (5,−2)	  𝐷: 𝑥 = 3− 2 → 𝑥 = 1	  	  
 
 
 
Ellipse	  
	  Sketch	  a	  graph	  of	  the	  ellipse	  represented	  by	   	  𝑎 = 25 = 5                          𝑏 = 9 = 3	  	  Horizontal	  or	  Vertical?	  	   	   	   	   	  Center:	  	   	  	  Vertices	  (major	  axis):	   	   	   	   	   	  ±5  to	  x-­‐value	  of	  vertex	  	  EPMA	  (minor	  axis):	  	  _________________________________	  ±3	  to	  y-­‐value	  of	  vertex	  	  Foci	  (inside	  ellipse):	   	   	   	   	  	  25 = 9 + 𝑐! → 𝑐 = 4	  ±4  to	  x-­‐value	  of	  vertex	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
1
9
)1(
25
)3( 22
=
+
+
− yx
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Horizontal	    (1,2)	     (6,2)      (−4,2)	    (1,−1)      (1,5)	    (−3,2)      (5,2)	  
Find	  an	  equation	  of	  the	  ellipse	  that	  has	  foci	  (-­‐3,2)	  and	  (5,2)	  and	  that	  has	  a	  major	  axis	  of	  length	  10,	  and	  then	  sketch	  it.	  2𝑎 = 10                                2𝑐 = 8                                𝑎! + 𝑏! = 𝑐!	  𝑎 = 5                                              𝑐 = 4                                25 = 𝑏! + 16	                                                                                                                            𝑏 = 3	   	  Horizontal	  or	  Vertical?	  	   	   	   	  	  Center:	  	   	  	  Vertices	  (major	  axis):	   	   	   	   	   	  	  EPMA	  (minor	  axis):	  	  _______________________________________	  	  Foci	  (inside	  ellipse):	   	   	   	   	  	  (𝑥 − 1)!25 + (𝑦 − 2)!9 = 1 
 
Hyperbola	  	  Find	  the	  following	  information	  and	  sketch	  the	  graph	  of	        (𝑦−1)²4 − (𝑥+1)29 = 1	  𝑎 = 4          𝑏 = 9                              4+ 9 = 𝑐!	  𝑎 = 2                𝑏 = 3                                      𝑐 = 13	  	  Opens	  left/right	  or	  up/down?	  	  Up/Down	  	   	   	   	   	   	   	   	   	   	  	  	  	  	  	  	  	  	  Center:    (−1,1)	  	  Vertices:   −1,3             (−1,−1)	  	  EPCA:	   2,1         (−4,1)	  	  Foci:	  (−1, 1± 13)	  	  	  Change	  to	  the	  standard	  form	  of	  a	  hyperbola:	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  9𝑥²− 16𝑦! + 18𝑥 + 64𝑦 − 199 = 0	  9𝑥! + 18𝑥 + −16𝑦! + 64𝑦 − 199 = 0 9 𝑥! + 2𝑥 + 1 − 16 𝑦! − 4𝑦 + 4 − 199 − 9 + 64 = 0 9(𝑥 + 1)! − 16 𝑦 − 2 ! − 144 = 0	  9(𝑥 + 1)! − 16 𝑦 − 2 ! = 144 (𝑥 + 1)
!16 − (𝑦 − 2)!9 = 1	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Applications 
 1.)	  A	  parabolic	  reflective	  mirror	  used	  for	  solar	  heating	  of	  water	  is	  15	  feet	  across	  and	  6	  feet	  deep.	  Where	  should	  the	  heating	  element	  be	  placed	  to	  heat	  the	  water	  the	  fastest?	  Heating	  element	  should	  be	  placed	  at	  the	  Focus	  (0,	  a)	  𝑥! = 4𝑎𝑦	  	  	  	  	  	  9! = 4𝑎(6)	  81 = 24𝑎	   	   	  	  𝑎 = !"! = 3.375	  	  	  	  	  	  	  	  	  	  	  	  	  2.)	  A	  "whispering	  room"	  is	  one	  with	  an	  elliptically-­‐arched	  ceiling.	  If	  someone	  stands	  at	  one	  focus	  of	  the	  ellipse	  and	  whispers	  something	  to	  his	  friend,	  the	  dispersed	  sound	  waves	  are	  reflected	  by	  the	  ceiling	  and	  concentrated	  at	  the	  other	  focus,	  allowing	  people	  across	  the	  room	  to	  clearly	  hear	  what	  he	  said.	  Suppose	  such	  a	  gallery	  has	  a	  ceiling	  reaching	  twenty	  feet	  above	  the	  five-­‐foot-­‐high	  vertical	  walls	  at	  its	  tallest	  point	  (so	  the	  cross-­‐section	  is	  half	  an	  ellipse	  topping	  two	  vertical	  lines	  at	  either	  end),	  and	  suppose	  the	  foci	  of	  the	  ellipse	  are	  thirty	  feet	  apart.	  What	  is	  the	  height	  of	  the	  ceiling	  above	  each	  "whispering	  point"?	  	  Foci	  will	  be	  on	  a	  line	  between	  two	  vertical	  lines,	  five	  feet	  above	  the	  floor.	  Therefore,	  the	  center	  =	  (0,	  5).	  The	  foci	  are	  30	  feet	  apart,	  so	  the	  distance	  from	  one	  focus	  to	  the	  center	  is	  15	  feet,	  c	  =	  15.	  Since	  the	  ceiling	  is	  20	  feet	  high,	  and	  this	  is	  the	  minor	  axis,	  	  
b	  =	  20.	   400 =   𝑎! − 225 →   𝑎! = 625	  	   (𝑥 − 0)!625 + (𝑦 − 5)!400 = 1	  	  The	  height	  of	  the	  ceiling	  above	  the	  foci	  will	  be	  the	  y-­‐value	  of	  the	  ellipse	  when	  x	  =	  15	  	   (15)!625 + (𝑦 − 5)!400 = 1	  	   925+ (𝑦 − 5)!400 = 1	  	  	   144+ 𝑦 − 5 ! = 400	  	  	   𝑦 − 5 ! = 256 → 𝑦 = 21	  	  
The	  heating	  element	  should	  be	  placed	  3.375	  feet	  away	  from	  the	  mirror,	  on	  its	  axis	  of	  symmetry.	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3.)	  Menaechmus	  solved	  the	  Delian	  problem	  using	  parabolas	  and	  a	  hyperbola.	  Below	  are	  three	  examples	  of	  equations	  whose	  intersection	  would	  solve	  the	  Delian	  problem.	  Sketch	  each	  example	  and	  label	  the	  point	  of	  intersection	  that	  is	  the	  solution.	  	  a)	  𝑥! = 𝑎𝑦                      𝑥𝑦 = 𝑎𝑏	  	   	   	   	   	   b)	  𝑦! = 𝑏𝑥                        𝑥𝑦 = 𝑎𝑏	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  c)	  𝑥! = 𝑎𝑦                          𝑦! = 𝑏𝑥	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Figure 1 
2. ARCHIMEDES’ SPIRAL 
 Greek mathematicians during the third century B.C. were focused primarily on 
geometry. They did not use the modern method of numerical and symbolic algebra. This 
limited the concepts they could study. At the time, only “cases of uniform motion –either 
rectilinear or circular—were studied in any detail” [5, 55].  This restricted the type of 
curves that could be studied and used to solve problems. Around 225 B.C., Archimedes 
developed a new spiral using both linear and circular motions. This is known as 
Archimedes’ Spiral. Archimedes described his spiral using a bug moving along a ray with 
an initial point (0,0). The ray is rotating counterclockwise around the origin at a constant 
angular velocity. At the same time the bug is moving along the ray away from the origin 
at a constant linear velocity. The set of points determined by the position of the bug at 
any given time make up Archimedes’ Spiral. This was not the typical straightedge and 
compass construction at the time, but it allowed for problems that had frustrated the 
Greeks to finally be solved.  
 Today, Archimedes’ Spiral is best described using polar coordinates. By letting 𝜈 
represent the constant linear speed at which the point is moving along the line and letting 𝜔, in radians, represent the constant speed at which the line is rotating around the fixed 
point, an equation for Archimedes’ Spiral can be given. The polar coordinates can be 
given as 𝑟 = 𝑣𝑡 and 𝜃 = 𝜔𝑡, where (𝑟,𝜃) represents the polar coordinates of the moving 
point at time t. Solving for t, the equation for Archimedes’ Spiral can be written as 𝑟 = 𝑎𝜃 where 𝑎 = !!,  the linear rate divided by the rotational rate. Varying the a value 
determines how tightly coiled the spiral is. In figure 1 below the spiral is shown with a = 
½, 1, and 2 respectively. As a decreases the spiral is more tightly wound. As a increases 
the spiral has more distance between the revolutions.  
 
 
  
 
    
                                                                   𝑎 = !!                                                                                 𝑎 = 1                                                                          𝑎 = 2                            
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O	   𝜑	  𝜃	  
 Archimedes’ Spiral was able to solve two of the classical problems, trisecting an 
angle into three equal angles and squaring the circle. The solution of one of the classical 
problems, the trisection of an angle using Archimedes’ Spiral, is shown with figure 2. 
Given an angle, 𝜃, at the origin and starting the spiral at the origin, Archimedes’ Spiral 
will intersect the angle line at point P. Trisecting a line segment can be done by using a 
straight edge and compass, and therefore 𝑂𝑃 is trisected at R. By constructing a circle 
with center, O, and radius 𝑂𝑅, T can be found at the intersection of the circle and spiral. 𝑂𝑇 creates an angle, 𝜑, that is a third of the original angle and therefore trisects the angle.  𝑂𝑃 = 𝑎𝜃 𝑂𝑇 = 𝑎𝜑 𝑂𝑇 = 13𝑂𝑃 13𝑎𝜃 = 𝑎𝜑 𝜑 = 13𝜃 
 
 
 
Figure 2 
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Along with trisecting an angle and squaring the circle, Archimedes’ Spiral is used 
in many different aspects. Gramophone records had Archimedes’ Spiral etched into them 
to space the grooves evenly and to maximize the amount of music on each record. Digital 
light processing uses spirals of different colors to minimize the rainbow effect. This 
process shows one spiral of color at a time, but at a pace fast enough where the human 
brain sees the full color image and not the individual colors. Patients are asked to draw 
Archimedes’ Spiral to help diagnose neurological disorders. Finally, Archimedes’ Spiral 
can be found everywhere in nature, from flowers and shells to hurricanes.  
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ARCHIMEDES’ SPIRAL LESSON PLAN 
 
This lesson is designed for a high school geometry course. It is a one-day lesson.  
 
This lesson will be a hands on opportunity for students to work with the mathematics. 
Students will be given the chance to think about the problem on their own and find a way 
to come up with a solution without any instruction.  
 
Prior to the lesson students will have learned how to trisect a segment and bisect an angle 
using straightedge and compass construction. 
 
Students will complete the first page of the Trisecting an Angle Packet on their own. 
Afterwards the class will discuss what problems that they ran into when trying to trisect 
an angle generalizing the method used to bisect an angle using a straightedge and 
compass. Next, through teacher instruction, students will learn that it is impossible to 
trisect an angle using a straight edge and compass. They will then learn about 
Archimedes’ Spiral on page two of the packet. Finally students will practice drawing 
their own Archimedes’ Spiral and use it to trisect an angle on their own.  
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Trisecting	  an	  Angle	  	  
	  Trisect	  the	  segment	  using	  a	  straight	  edge	  and	  compass.	  	  	  	  	  	  	  	  	  	  	  	  Bisect	  the	  angle	  using	  a	  straightedge	  and	  compass.	  	  	  	  	  
 
 
 
 
 	  	  	  	  	  	  Can	  you	  generalize	  this	  method	  	  to	  trisect	  the	  angle	  using	  a	  straightedge	  and	  compass?	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Archimedes’	  Spiral	  
	  Archimedes	  describes	  his	  spiral	  using	  a	  ray	  and	  a	  bug.	  A	  ray	  rotates	  around	  a	  point	  at	  a	  constant	  speed.	  	  	  	  	  	  	  	  	  	  	  	  	  	  While	  this	  ray	  is	  rotating,	  a	  bug	  craws	  along	  the	  ray	  at	  a	  constant	  speed.	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Wherever	  this	  bug	  touches	  is	  a	  point	  on	  Archimedes’	  Spiral.	  The	  bug	  creates	  the	  follow	  curve.	  
	  
	  
	  
	  
	  
	  
	  
	  
28	  
Drawing	  Archimedes’	  Spiral	  
	  
Materials:	  thread	  reel,	  pencil,	  scissors,	  paper,	  tape,	  ruler	  	  Step	  1:	  Cut	  a	  strip	  of	  paper	  the	  same	  width	  as	  the	  inside	  of	  the	  reel	  of	  thread	  and	  at	  least	  10	  inches	  long.	  	  	  	  	  	  Step	  2:	  Tape	  one	  end	  of	  the	  strip	  to	  the	  inside	  of	  the	  thread	  reel.	  	  	  	  	  	  Step	  3:	  Lay	  the	  thread	  reel	  with	  the	  strip	  of	  paper	  going	  underneath	  of	  it.	  Place	  the	  pencil	  at	  the	  end	  of	  the	  strip	  of	  paper.	  Fold	  the	  paper	  over	  the	  pencil	  tightly	  and	  tape	  it	  down.	  	  	  	  	  	  Step	  4:	  Starting	  at	  the	  thread	  reel,	  wind	  the	  paper	  around	  the	  reel	  tightly,	  up	  until	  the	  pencil.	  	  	  	  	  	  Step	  5:	  Ask	  a	  friend	  to	  hold	  the	  thread	  reel	  in	  the	  middle	  of	  the	  large	  sheet	  of	  paper.	  	  	  	  	  	  	  Step	  6:	  Gradually	  unravel	  the	  strip	  of	  paper,	  keeping	  the	  pencil	  upright	  so	  it	  makes	  a	  path	  on	  the	  paper.	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𝜃	  
Practice	  drawing	  Archimedes’	  Spiral	  a	  few	  times	  and	  then	  use	  it	  to	  trisect	  the	  angle	  using	  the	  steps	  below.	  
 
1. Start at the angle’s vertex and begin drawing Archimedes’ Spiral. 
2. Mark the intersection of Archimedes’ Spiral and the top line as point P. 
3. Trisect the line segment 𝑂𝑃 using a straightedge and compass. 
4. Mark the trisection point of  𝑂𝑃 as point R. 
5. Construct a circle with center O and radius 𝑂𝑅. 
6. Label the intersection of this circle and Archimedes’ Spiral as point T. 
7. 𝑂𝑇 creates an angle, 𝜑, that is a third of the original angle.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Verify that 𝜑 is one third of 𝜃 
 𝑂𝑃 = 𝑎𝜃      𝑎𝑛𝑑        𝑂𝑇 = 𝑎𝜑 
 𝑂𝑇 = 𝑂𝑅 = 13𝑂𝑃 
 13𝑎𝜃 = 𝑎𝜑 
 𝜑 = 13𝜃 
 
O	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Example 
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3. SPIRAL OF THEODORUS 
The Spiral of Theodorus is also known as the square root spiral or the 
Pythagorean spiral. Theodorus of Cyrene constructed it between 465 and 399 B.C. 
Theodorus had originally studied philosophy and then turned to mathematics. He later 
became the teacher of Plato (380 BC) and Theaetetus (417-369 BC). Theodorus 
developed this spiral to show that the square roots of non-square integers up to 17 are 
irrational. He was one of the few mathematicians that studied the idea of 
incommensurability at the time. Before Theodorus, mathematicians had thought that the 
Principle of Commensurability was true. This principle stated that any two “things” of the 
same kind, one could find a unit that measures them both using natural numbers and 
therefore the two “things” are related by a ratio of two natural numbers, i.e. by a rational 
number. However, the square roots of nonsquare numbers show this was not the case. 
One needed numbers that were not rational. Theodorus’ discovery of irrational numbers 
is known as the first great crisis of mathematics since it drove mathematicians away from 
using numbers into using only geometry. This was the case until Newton.  
The construction of the Spiral of Theodorus starts with a right triangle at the 
origin, with the point (0,0), (1,0), and (1,1). The hypotenuse of the first triangle becomes 
a leg of the second right triangle. This construction continues all the way around the 
origin resulting in multiple right triangles. The outside legs of every triangle are of length 
one. The hypotenuses of the triangles start at 1 and increase to 17. The completed 
spiral in shown in figure 1. 
 
 
 
 
 
 
 
This spiral does not have a typical equation in polar or Cartesian coordinates. 
Instead it can be defined using the vertices or the individual triangles. Figure 2 shows 
Figure 1	   Figure 2	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what the nth triangle would look like in the spiral. The angle 𝜑! = tan!! 1 𝑛 and the 
corresponding radius of the spiral is given by 𝑟! = 𝑛 + 1. It is unclear as to why 
Theodorus stopped at 17. A possible explanation is that it corresponds to the last 
triangle able to be constructed before the drawings of the new triangles would interfere 
with the previous ones. However, in 1958 Erich Teuffel proved that if the spiral 
continued on no hypotenuse would overlap a previous one.  
Along with proving some of the irrational square roots, the Spiral of Theodorus 
was used to divide a circle into five equal parts. The start of this construction begins with 
creating a circle with a radius of 1. From there the Spiral of Theodorus is constructed up 
to the fourth triangle. The radii of the remaining circles equal the hypotenuses of the 
triangles from the spiral, 2, 3, 4, 5  respectively, see figure 3. The region between 
two circles is called an annuli. The five annuli created by the concentric circles are equal 
in area. This can be shown by calculating the area of a circle and subtracting the area of 
the circles inside of it to find the area of the annuli. When these calculations are 
completed each area equals 46.92 square units. The Spiral of Theodorus has many other 
applications as well. It can be used to approximate Archimedes’ Spiral and can be applied 
in the study of numerical analysis, particularly the summation of convergent series, such 
as the Bose-Einstein distribution in statistical mechanics.  
 
                          
 
 
 
 
 
 
 
Figure 3 
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SPIRAL OF THEODORUS LESSON PLAN 
 
This project is designed for an 8th grade mathematics course. It is a one-day project.  
 
Prior to this lesson students will have learned how to approximate square roots and how  
to apply the Pythagorean Theorem to solve for various sides of a triangle. 
 
Students will complete this project on their own. It will have them practice using the 
Pythagorean Theorem and approximating square roots with little teacher intervention.  
While practicing concepts they have learned previously, this project will also introduce 
students to the Spiral of Theodorus. Once students have completed this project, they will 
be informed of the importance and a brief history of the spiral by the teacher.  
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•	  	  	  	  
Center	  
Spiral	  of	  Theodorus	  Project	  
 For	  this	  project	  you	  will	  be	  utilizing	  your	  knowledge	  of	  the	  Pythagorean	  Theorem	  to	  create	  a	  spiral	  of	  right	  triangles,	  the	  Spiral	  of	  Theodorus.	  Follow	  the	  steps	  below	  on	  your	  blank	  sheet	  of	  paper.	  	  	  
Materials:	  Blank	  paper,	  work	  paper,	  ruler,	  coloring	  utensils	  	  	  Step	  1:	  Place	  a	  dot	  in	  the	  center	  of	  your	  paper,	  this	  will	  be	  the	  center	  of	  your	  spiral.	  	  
Step	  2:	  Draw	  a	  right	  triangle	  with	  legs	  of	  length	  1	  inch	  using	  this	  	  orientation.	  	  	  
Step	  3:	  Determine	  the	  hypotenuse	  of	  this	  triangle	  on	  your	  work	  paper.	  That	  	  hypotenuse	  becomes	  the	  new	  leg	  for	  your	  second	  triangle,	  and	  so	  on.	  The	  	  other	  leg	  will	  always	  be	  1	  inch	  as	  shown	  below.	  	  	  
Step	  4:	  If	  the	  hypotenuse	  is	  a	  non	  perfect	  square,	  you	  must	  show	  each	  approximation	  without	  a	  calculator.	  Label	  the	  spiral	  with	  the	  exact	  calculation.	  	  
Step	  5:	  Continue	  this	  process	  until	  you	  have	  made	  20	  right	  triangles.	  	  	  
Step	  6:	  When	  you	  get	  to	  the	  stage	  where	  your	  right	  triangles	  overlap	  previous	  triangles,	  draw	  your	  hypotenuse	  towards	  the	  center	  of	  the	  spiral	  but	  stop	  when	  it	  hits	  the	  previous	  triangles.	  (Ask	  if	  you	  have	  questions)	  
 Your	  drawing	  should	  look	  similar	  to	  the	  following.	  	  
 
 
 
 
 
 
 
 
 
 
	  
When	  you	  are	  finished	  color	  your	  spiral,	  be	  creative!!!	  
 
You will turn in your finished spiral and the separate sheet with your neatly done 
work. 
35	  
Example 
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4. OVALS OF CASSINI 
 Giovanni Domenico Cassini first studied the Cassini Ovals in 1680. His theory 
generalized the ideas of Kepler’s ellipses and Roemer’s theory of the orbits of stellar 
bodies. Cassini discovered that the orbits of bodies in space are one of the paths created 
by the Cassini Ovals. A Cassini Oval is defined as the locus traced out by the moving 
vertex, P, of a ∆𝑃𝐹𝐺, with 𝐹𝐺 fixed, so that 𝐹𝑃 • 𝐺𝑃 is constant. The oval is symmetric 
about the y-axis and x-axis.  
 
                        
  Figure 1 
 
                                  
                                 
 The equation of a Cassini Oval is given in Cartesian coordinates as (𝑥 − 𝑎)! +𝑦! (𝑥 + 𝑎)! + 𝑦! = 𝑏! where 𝑎, 𝑏  𝜖  ℝ. The ovals can also be defined by the polar 
equation, 𝑟 = cos 2𝜃 ± !! ! − 𝑠𝑖𝑛!(2𝜃). Figure 2 shows a Cassini Oval with foci 
at 𝐹!with coordinates (-a, 0) and 𝐹! with coordinates (a, 0). The value of b is calculated 
as the square root of the distance from the center to a focus 𝑏 = 𝑎. Figure 3 shows the 
different types of Cassini Ovals based on the parameters of a and b. The ratio of a/b 
determines the size of the oval and whether there is one oval or two. When a/b = 1, the 
Cassini Oval forms a lemniscate.  
 
 
 
 
 
 
           Figure 2          Figure 3 
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Cassini Ovals are used to model the orbits of the planets in the solar system, 
which was the original goal set by Giovanni Cassini. The orbits of the planets around the 
sun and the orbits of moons or satellites around a specific planet all follow the paths of a 
Cassini Oval. Besides modeling orbits, Cassini Ovals are used to develop radar and sonar 
systems. They are also used to model human blood cells, electron orbits in atoms, electro-
magnetic activity, fuel tank optimization, and population distribution just to name a few. 
Cassini Ovals are used for scientific, military, and commercial purposes.  
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OVALS OF CASSINI LESSON PLANS 
 
This lesson is designed for a high school geometry course. It is a one-day lesson. 
 
Students will learn what Cassini Ovals are and their importance. They will then use 
GeoGebra to discover how the graph changes as the equation changes. They will notice 
three different shapes of the graph. This part is designed to have students work on their 
own to make inferences on relationships between the different variables of the equation.  
 
Students will then learn how to sketch different ovals given their equations. This part is 
designed as a lecture lesson with students filling in guided notes and then completing 
individual practice on their own.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
39	  
Cassini	  Ovals	  
	  
Cassini	  Oval:	  the	  locus	  of	  points	  in	  the	  plane	  whose	  distances	  to	  two	  fixed	  points	  have	  a	  constant	  product.	  	  
General	  Equation:	  (𝑥! + 𝑦! + 𝑎!)! − 4𝑎!𝑥! = 𝑏!	  	  	  Graph	  the	  following	  equation	  on	  GeoGebra	  and	  sketch	  its	  shape	  below.	  Identify	  the	  values	  of	  a	  and	  b.	  	  
	  (𝑥! + 𝑦! + 4)! − 16𝑥! = 81                        𝑎 =    4 = 2                                    𝑏 = 81! = 3	  	  	  	  	  	  	  	  
	  Sketch:	  
	  
	  
	  
	  Now,	  change	  ONLY	  the	  b	  value	  and	  graph	  the	  equation	  again.	  Draw	  the	  sketch	  of	  your	  graph.	  
	  (𝑥! + 𝑦! + 4)! − 16𝑥! =                               𝑎 =                                         𝑏 =	  	  	  	  	  	  	  	  
	  Sketch:	  
	  
	   Answers	  will	  Vary	  
	  
	  Repeat	  this	  process	  until	  you	  discover	  the	  three	  different	  shapes	  a	  Cassini	  oval	  can	  take.	  Sketch	  them	  below	  and	  determine	  the	  relationship	  between	  a	  and	  b	  for	  each	  shape.	  
	                                  𝑎 < 𝑏                                                                                                    𝑎 = 𝑏                                                                                                    𝑎 > 𝑏      	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𝑦 = 0	  (𝑥! + 4)! − 16𝑥! = 16	  𝑥! + 8𝑥! + 16− 16𝑥! = 16	  𝑥! − 8𝑥! = 0	  𝑥!(𝑥! − 8) = 0	  𝑥 = 0,±2√2	  
Notes	  	  Different	  shapes	  of	  Cassini	  ovals	  are	  shown	  below.	  	  
 
 
 
 
 
 
 
 If	  𝑎 < 𝑏,	  the	  graph	  is	  a	  single	  loop	  in	  the	  shape	  of	  a	  peanut	  shell	  or	  ellipse.	  (blue)	  If  𝑎 = 𝑏,	  the	  graph	  is	  the	  shape	  of	  an	  infinity	  symbol.	  (red)	  If	  𝑎 > 𝑏,	  the	  graph	  is	  two	  loops	  in	  the	  shape	  of	  eggs	  with	  their	  narrow	  ends	  facing	  each	  other.	  (green)	  	  To	  graph	  Cassini	  ovals:	  	  	   1.	  Determine	  the	  shape	  of	  the	  graph	  by	  examining	  the	  relationship	  between	  a	  	  	   	  	  	  	  	  and	  b.	  	   2.	  Plot	  several	  points	  that	  satisfy	  the	  equation,	  and	  connect	  in	  an	  appropriate	  	  	  	  	  	  	   	  	  	  	  curve.	  	   	  Graph.	  	  (𝑥! + 𝑦! + 4)! − 16𝑥! = 16	  	  4 = 𝑎! → 𝑎 = 2	  	  16 = 𝑏! → 𝑏 = 2	  	  	  	  	  	  	  	  	  	  	    𝑎 = 𝑏	  so	  the	  shape	  will	  be	  an	  infinity	  symbol	  	  
*Student’s	  Points	  May	  Vary	  X	   Y	  −2 2	   0	  − 2	   .96	  0	   0	  2	   .96	  2 2	   0	   	  
 
41	  
5. GENERAL POLAR CURVES 
 Polar coordinates were used only to study specific curves before they became a 
general tool and seen as of equal importance as the Cartesian plane. Archimedes was the 
first to study the polar plane. Bonaventura Cavalieri (1598-1647) used them to find the 
area created by Archimedes’ Spiral at time t. Other notable mathematicians that worked 
with polar curves were Pascal (1623-1662), James Gregory (1638-1675), Pierre Varignon 
(1654-1722), and Euler (1701-1783). Isaac Newton (1643-1727) used polar coordinates 
to determine tangents of curves. Jacob Bernoulli (1655-1705) defined equations of polar 
curves in terms of the radius, which is what is used today. Polar coordinates in general 
are described as 𝑟,𝜃 , where r is the radial distance from the origin to the point and 𝜃 is 
the counterclockwise angle from the x-axis. Cartesian coordinates can be converted to 
polar coordinates using the equations 𝑥 = 𝑟 cos𝜃 and 𝑦 = 𝑟 sin𝜃.  Some of the more 
notable polar curves are the rose, limaçon, and lemniscate.  
 A rose curve is produced by the equation 𝑟 = 𝑎 sin𝑛𝜃 or 𝑟 = 𝑎 cos𝑛𝜃, where a ≠ 0 and n is an integer greater than 1. The rose curve gets its name from the graph, which 
looks like petals. Guido Grandi (1671-1742) had named the curve rhodonea, which is 
rose in Italian. He studied this curve in the early 1700s. The number of petals is 
determined by the value of n.  If n is even the graph will have 2n petals and if n is odd the 
graph will have n petals. This is shown in figures 1 and 2. The length of the petals is 
determined by the value of a, as a increases the length of the petal increases. The 
difference between using sine and cosine is the position of the graph on the axis. When 
cosine is used and n is even, petals will straddle the positive and negative vertical and 
horizontal axis, see figures 1 and 2. When n is odd, one petal will straddle the horizontal 
axis. When sine is used and n is even, none of the petals will straddle an axis. When n is 
odd, one petal will straddle the vertical axis, see figures 1 and 2.  
 
 
 
 
 
Figure 1 Figure 2 
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 A limaçon curve is often described as looking like a snail, because of inner loop 
within a circle. These curves are given by the equations 𝑟 = 𝑎 ± 𝑏 sin𝜃  and 𝑟 = 𝑎 ±𝑏 cos𝜃, where 𝑎, 𝑏 > 0. If the sine and addition are used in the equation the graph will be 
above the horizontal axis. If sine and subtraction are used the graph will be below the 
horizontal axis. If cosine and addition are used the graph will be to the right of the 
vertical axis. If cosine and subtraction are used the graph will be to the left of the vertical 
axis. The ratio a/b determine the shape of the limaçon. When a/b is greater than or equal 
to two the graph closely resembles a circle. When a/b is less than 1 the graph contains an 
inner loop, creating the “snail” effect, see figure 3. 	  
 
 
 
 
 
 
 
Figure 3 
A lemniscate curve is often described as a propeller or figure eight. The curves 
are given by the equations 𝑟! = 𝑎! sin 2𝜃 and 𝑟! = 𝑎! cos 2𝜃, where 𝑎 ≠ 0. A graph 
containing sine will be symmetric to the pole (origin) and a graph containing cosine will 
be symmetric to the horizontal axis,  to 𝜃 = 𝜋 2, and the pole, see figure 4. The value of 
a determines the length of the propellers. As a increases the length of the propellers 
increase.  
 
 
 
 
 
                                                      Figure 4 
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Polar curves are applied in many different ways. One application is in the 
development of microphones. Different microphones are designed to pick up different 
areas of sound. Polar graphs are often used when determining how much sound needs to 
be heard and where it needs to be picked up by the microphone. Another application of 
polar curves is with navigation. The polar plane is more similar to the shape of the earth 
with longitude and latitude than the Cartesian plane, therefore making navigation with 
polar coordinates more accurate and reliable. [6] 
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GENERAL POLAR FURVES LESSON PLAN 
 
This activity is designed for a high school PreCalculus course. It is a one-day activity.  
 
Students will learn about three different polar curves. They will use a graphing calculator 
to discover how the graph changes as the equation changes. This part is designed to have 
students work on their own to make inferences on relationships between the different 
variables of the equation.  
 
When students have completed the activity there will be a student-led class discussion 
about the their inferences and results. The day following the activity students will learn 
how to graph polar curves from the general equations without a graphing calculator.  
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Polar	  Curves	  Activity	  Put	  your	  calculator	  in	  polar	  mode:	  	   Mode	  	   Change	  FUNC	  to	  POL	  	   Enter	  	  Graph	  the	  following	  equations	  on	  your	  calculator	  and	  sketch	  the	  results	  below.	  	  
Rose	  Curve	  	  𝑟 = 2 sin(2𝜃)                                                                                             𝑟 = 3 sin(2𝜃)                                                                           𝑟 = 5 sin(2𝜃)	  	  	  	  	  	  	  𝑟 = 2 sin(3𝜃)                                                                                             𝑟 = 2 sin(4𝜃)                                                                           𝑟 = 2 sin(6𝜃)	  	  	  	  	  	  	  	   	  	  𝑟 = 2 cos(2𝜃)                                                                                         𝑟 = 2 cos(3𝜃)                                                                           𝑟 = 2 cos(6𝜃)	  	  	  	  	  	  	  	  How	  does	  changing	  the	  number	  in	  front	  of	  the	  trig	  function	  relate	  to	  the	  graph?	  The	  number	  in	  front	  changes	  the	  length	  of	  the	  petals	  	  How	  does	  changing	  the	  number	  with	  𝜃	  relate	  to	  the	  graph?	  If	  the	  number	  is	  odd,	  the	  graph	  will	  have	  that	  many	  petals.	  If	  the	  number	  is	  even,	  the	  graph	  will	  have	  twice	  as	  many	  petals	  as	  that	  number	  	  What	  is	  difference	  between	  having	  sine	  or	  cosine	  in	  the	  equation?	  Sine	  and	  cosine	  determine	  how	  the	  graph	  is	  positioned	  on	  the	  x	  and	  y-­‐axis.	  
	  
46	  
Limacon	  Curve	  	  𝑟 = 1+ 3sin𝜃                                                                                                                                                                         𝑟 = 1− 3 sin𝜃              	  	  	  	  	  	  	  𝑟 = 1+ 3cos𝜃                                                                                                                                                                         𝑟 = 1− 3 cos𝜃	  	  	  	  	  	  + sin𝜃  places	  the	  graph:	  above	  the	  x-­‐axis	  	  	  	  	  	  − sin𝜃	  places	  the	  graph:	  below	  the	  x-­‐axis	  	  + cos𝜃  places	  the	  graph:	  right	  of	  the	  y-­‐axis	  	  − cos𝜃	  places	  the	  graph:	  left	  of	  the	  y-­‐axis	  	  
Lemniscate	  Curve	  	  𝑟 = 4 sin(2𝜗)                                                                                                                       𝑟 = 9 sin(2𝜗)      	  	  	  	  	  	  	  𝑟 = 4 cos(2𝜗)                                                                                                                       𝑟 = 9 cos(2𝜗)    	  	  	  	  	  	  How	  does	  the	  value	  in	  front	  of	  the	  trig	  function	  change	  the	  graph?	  Changes	  the	  length	  of	  the	  loops	  	  What	  is	  difference	  between	  having	  sine	  or	  cosine	  in	  the	  equation?	  Sine	  graphs	  are	  symmetric	  to	  the	  origin.	  Cosine	  graphs	  are	  symmetric	  over	  the	  	  
x-­‐axis.	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6. TRISECTRIX & QUADRATRIX 
 Around 430 B.C. Hippias developed the trisectrix curve to solve the classical 
problem of dividing an angle into three equal parts. This was the first method to solve 
this problem; Archimedes’ Spiral would not be developed until about 200 years later. 
Around 350 B.C., Dinostratus used it to solve the classical problem of squaring a circle, 
and it became known as the quadratrix. To construct the trisectrix, square ABCD needs to 
be drawn, see figure 1. All at once, 𝐴𝐷 rotates clockwise at a constant rate, 𝜔, until it 
falls to 𝐴𝐵 and 𝐷𝐶 translates down at a constant rate, 𝑣, until it reaches 𝐴𝐵. The trisectrix 
is made up of all the points where 𝐴𝐷 and 𝐷𝐶. 𝐴𝐷 and 𝐷𝐶 meet  𝐴𝐵 at the same time. 
Note that the point Q is therefore not well determined. 
 
 
      Figure 1 
 
 
  
 
 To determine the equation of the trisectrix, let S be point on the trisectrix with 
coordinates 𝑥,𝑦  and let ∠𝑆𝐴𝐵 =   𝜑. Let T be the time is takes for 𝐷𝐶 and 𝐴𝐵 to 
coincide. Let t be the time it takes for 𝐹𝑆 and 𝐴𝐵 to coincide.  
Then we have, 𝐴𝐷 = 𝑣𝑇  and  !! = 𝜔𝑇 
 𝑦 = 𝑣𝑡  and   𝜑 = 𝑤𝑡 
 𝐴𝐷𝜋/2 = 𝑣𝜔 = 𝑦𝜑 
 𝜑𝜋/2 = 𝑦𝐴𝐷 
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Figure 2	  
 The trisectrix can be used to trisect an angle, see figure 2. First place the vertex of 
the angle, 𝜃, on point A of the square and the initial side on 𝐴𝐵. Then construct the 
trisectrix as follows. Point P is the intersection of the trisectrix and terminal side of the 
angle. A perpendicular line to 𝐴𝐷 is then constructed that goes through P. The 
intersection of the perpendicular line and 𝐴𝐷 is labeled Q. 𝐴𝑄 is then trisected at R. A 
perpendicular line to 𝐴𝐷 is constructed that goes through R. The intersection of this line 
and the trisectrix is labeled S. Drawing the line segment 𝐴𝑆 creates the angle ∠𝑆𝐴𝐵,𝜑, 
which is 1/3 of the original angle ∠𝑃𝐴𝐵, therefore trisecting the angle.  
 
                            
!!" = !/!!"  
 
                        !!" = !/!!"  
 
                       !!" = !!!!" 
 
                       𝜑 = !! 𝜃 
 Dinostratus used the trisectrix to square the circle. In order to do this the length of 𝐺𝑄 needed to be calculated, see figure 3. He did this, using the method of double 
reductio, by showing that  𝐺𝑄 > !!!   and 𝐺𝑄 < !!!   were both contradictions and therefore 𝐺𝑄 = !!!   by the principle of continuity.  Below modern notation is used to show 𝐺𝑄 = !!! .  
 
 
 
 
 
 
Figure 3 
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Let ∠𝐻𝐺𝐿 = 𝜑.   
Choosing an arbitrary point H on the trisectrix, we have 
!"!" = !! !.   
Let 𝐻𝐿 = 𝑦, 𝐵𝐺 = 𝑎, and 𝐺𝐿 = 𝑥.  
 𝜑 = !"!!        and  tan𝜑 = !!               →               𝜑 = tan!!(𝑦 𝑥) 
 𝜋𝑦2𝑎       = tan!!(𝑦 𝑥) 
 tan𝜋𝑦2𝑎 = 𝑦𝑥                       ⟶           𝑦 = 𝑥 tan𝜋𝑦2𝑎 
Or, 𝑥 = 𝑦/ tan𝜋𝑦2𝑎 𝐺𝑄 is the limit of x as y goes to 0.  lim!→! 𝑥 = 𝑦/ tan𝜋𝑦2𝑎 
Using L’Hopital’s rule, lim!→! 𝑥 = 1sec! 𝜋𝑦2𝑎 • 𝜋2𝑎          =          1𝜋 2𝑎         =         2𝑎𝜋  𝐺𝑄 = 2𝑎𝜋  
 
If 𝐵𝐺 = 1,𝐺𝑄 = !!,   𝐵𝐷 = !! 
 
Since there is a line segment constructed of length 2 𝜋, a segment of the reciprocal length 𝜋 2 can be constructed,  see figure 4.   
 
If 𝐴𝐷 = 2 𝜋 and 𝐴𝐸 = 1. 𝐴𝐵 can be constructed such that 𝐴𝐵 = 𝐴𝐸 = 1.  
 
Next, 𝐵𝐺  is constructed so that it is parallel to 𝐴𝐸.  
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The triangles ABG and ADE are similar, so !"!" = !"!"   or   !"! = !! !,   therefore  𝐴𝐺 = 𝜋 2. 
                    
 
                Figure 4 
 
 
 
 
 
From here a segment of length 𝜋 can be constructed by doubling the previous line 
segment. From there the mean proportional to 1 and 𝜋, !! = !! → 𝑥! = 𝜋, can be 
constructed to obtain a line segment of length 𝜋  . Finally a square with area equal to 𝜋 
can be created, therefore squaring the circle. After this, the trisectrix became known as 
the Quadratrix of Dinostratus.  
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TRISECTRIX & QUADRATRIX LESSON PLAN 
 
This lesson is designed for a high school geometry course. It is a one-day lesson.  
 
Prior to the lesson students will have learned how to trisect a segment and bisect an angle 
using straightedge and compass construction. They will have also learned it is impossible 
to trisect an angle using only a straight edge and compass. 
 
The teacher will introduce the Trisectrix and how it is constructed. An animation of the 
construction can be seen at: 
http://www.ms.uky.edu/~carl/ma330/hippias/hippias2.html 
This is beneficial to show the students during explanation of the construction. The teacher 
will then lead the students through their own construction of the Trisectrix. Students will 
then trisect an angle using the Trisectrix they constructed and a set of instructions.  
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Constructing	  the	  Trisectrix	  	  
Materials:	  blank	  paper,	  straight	  edge,	  compass	  	  	  
Step	  1:	  Draw	  a	  6”	  square	  on	  your	  blank	  sheet	  of	  paper.	  Label	  the	  points	  A,B,C,D	  	  starting	  in	  the	  bottom	  left	  and	  going	  counter-­‐clockwise.	  	  
Step	  2:	  Draw	  horizontal	  lines,	  parallel	  to	  the	  top	  of	  your	  square,	  one	  inch	  apart.	  Continue	  your	  lines	  until	  you	  reach	  the	  bottom	  of	  your	  square.	  	  	  
Step	  3:	  	  Using	  your	  compass,	  place	  the	  pencil	  at	  point	  D,	  and	  the	  other	  vertex	  at	  point	  A.	  Draw	  an	  arc	  from	  point	  D	  to	  point	  B.	  	  	  
Step	  4:	  Starting	  at	  point	  A	  draw	  several	  straight	  lines,	  at	  different	  angle,	  to	  the	  arc	  you	  just	  drew	  in	  the	  previous	  step.	  Draw	  at	  least	  five	  lines.	  	  	  
Step	  5:	  Place	  points	  at	  the	  intersections	  of	  the	  lines	  you	  drew	  in	  step	  4	  with	  the	  horizontal	  lines	  you	  drew	  in	  step	  2.	  	  	  
Step	  6:	  Connect	  the	  points	  from	  step	  5	  in	  an	  arc,	  this	  is	  the	  Trisectrix.	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Trisecting	  an	  Angle	  with	  the	  Trisectrix	  	  
Materials:	  constructed	  Trisectrix,	  ruler,	  coloring	  utensils	  	  	  *Color-­‐coding	  will	  help	  distinguish	  your	  angle	  trisection	  from	  your	  original	  construction	  lines	  	  *An	  alternative	  option	  would	  be	  to	  trace	  your	  square	  and	  Trisectrix	  curve	  on	  another	  blank	  piece	  of	  paper.	  Do	  not	  trace	  any	  other	  lines.	  	  	  
Step	  1:	  Draw	  an	  angle	  with	  the	  vertex	  at	  point	  A,	  and	  one	  side	  on	  𝐴𝐵,	  make	  sure	  the	  terminal	  side	  of	  the	  angle	  is	  drawn	  long	  enough	  to	  intersect	  the	  Trisectrix	  curve.	  Label	  this	  intersection	  P.	  Draw	  the	  angle	  in	  blue.	  	  
Step	  2:	  Draw	  a	  perpendicular	  line	  to	  𝐴𝐷,  through	  P.	  Label	  the	  intersection	  of	  this	  line	  and	  side	  𝐴𝐷	  as	  Q.	  Draw	  this	  line	  in	  red.	  	  	  
Step	  3:	  Trisect	  𝐴𝑄,	  label	  the	  trisection	  R.	  For	  the	  purpose	  of	  this	  activity	  you	  may	  measure	  the	  segment	  𝐴𝑄	  and	  divide	  it	  into	  thirds	  instead	  of	  completing	  a	  straightedge	  and	  compass	  segment	  trisection.	  	  	  
Step	  4:	  Draw	  a	  line	  perpendicular	  to	  𝐴𝐷,	  through	  R.	  Make	  sure	  this	  line	  is	  long	  enough	  to	  intersect	  the	  Trisectrix	  curve.	  Label	  the	  intersection	  of	  this	  line	  and	  the	  Trisectrix	  as	  S.	  Draw	  this	  line	  in	  green.	  	  
Step	  5:	  Draw	  a	  segment	  from	  A	  to	  S.	  ∠𝑆𝐴𝐵	  is	  one-­‐third	  the	  measure	  of	  your	  original	  angle,	  and	  therefore	  your	  trisection.	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Students’	  Constructions	  should	  look	  similar	  to	  the	  following	  diagram:	  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Trisecting	  Angle	  Example	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7. CISSOID OF DIOCLES 
 Around 180 BC Diocles (240-180 BC) attempted to solve the Delian problem. He 
developed a special curve, known as the cissoid of Diocles, to solve the problem of 
duplicating the cube. The method used Diocles used to generate his curve was 
generalized after his death. Any curve generated this way is known as a cissoid. The 
name “cissoid” means “ivy-shaped” and comes from the shape of the curve. The earliest 
the name “cissoid” appears in the work of Geminus, about 100 years after Diocles. 
Diocles was unable to construct his cissoid using just a straight edge and compass and 
was therefore not recognized as a true solution to the Delian problem.  
 Diocles constructed his cissoid as follows, see figure 1. Begin with a circle with 
center O and diameters 𝐴𝐵 and 𝐶𝐷 perpendicular to each other. Let E be a point on 𝐶𝐵 
and let Z be a point on 𝐷𝐵 such that 𝐸𝐵 = 𝐵𝑍. Let a be the radius of the circle. Construct 
a segment perpendicular to 𝑂𝐷 through Z. Let H be the intersection of the constructed 
segment and 𝑂𝐷. Let P be in the intersection of 𝐸𝐷 and 𝐻𝑍. Diocles’ cissoid is the locus 
of points P as the positions of E and Z and change on their respective arcs while 
maintaining the relationship 𝐸𝐵 = 𝐵𝑍, see figure 2.  
 
 
 
 
 
 
 
 
                                 Figure 1                                                        Figure 2 
 Hippocrates showed that the duplication of the cube is the same as finding two 
mean proportionals: “if for a given line segment of length a it is necessary to find x such 
that 𝑥! = 2𝑎!, line segments of lengths x and y respectively may be sought such that 𝑎: 𝑥 = 𝑥:𝑦 = 𝑦: 2𝑎". [21] Let 𝑥 = 𝑂𝐻 and 𝑦 = 𝐻𝑃. 
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From the equation of a circle:  𝐻𝑍 ! = 𝐶𝐻 • 𝐻𝑍 
Using similar triangles: 𝐻𝑍𝐻𝐷 = 𝐻𝐷𝐻𝑃 
Therefore, 𝐶𝐻𝐻𝑍 = 𝐻𝑍𝐻𝐷 = 𝐻𝐷𝐻𝑃 
In terms of x and y: 𝑎 + 𝑥𝐻𝑍 = 𝐻𝑍𝑎 − 𝑥 = 𝑎 − 𝑥𝑦  
From the left side: 𝑎 + 𝑥 𝑎 − 𝑥 = (𝐻𝑍)! 
From the right side: (𝑎 − 𝑥)! = 𝑦𝐻𝑍 
Squaring each side: (𝑎 − 𝑥)! = 𝑦!(𝐻𝑍)! 
Through substitution: (𝑎 − 𝑥)! = 𝑦! 𝑎 + 𝑥 𝑎 − 𝑥  
 (𝑎 − 𝑥)! = 𝑦! 𝑎 + 𝑥  
This is the Cartesian equation of Diocles’ cissoid. 
 To duplicate the cube the Cartesian equation needs to first be written using 
segments from figure 1.  (𝐻𝐷)! = (𝐻𝑃)! 𝐶𝐻  
For the case 𝐶𝐻 = 2𝐻𝑃, (𝐻𝐷)! = (𝐻𝑃)! 2𝐻𝑃  
 (𝐻𝐷)! = 2(𝐻𝑃)! 
 
The volume of a cube with side 𝐻𝑃 is double the volume of a cube with 𝐻𝐷. 
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 The cissoid of Diocles is also described as the roulette of a parabola vertex of a 
parabola rolling on an equal parabola. Newton used a method with two line segments of 
equal length perpendicular to each other. When they are moved so that one line always 
passes through a fixed point and the end of the other line segment slides along a straight 
line, then the midpoint of the sliding segment traces out the cissoid of Diocles. Fermat 
and Roberval constructed the tangent of the cissoid in 1634. Shortly after, Huygens and 
Wallis found the area between the curve and its asymptote. Mathematicians continue to 
work with cissoid and its relation to other curves. [21] 
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CISSOID OF DIOCLES LESSON PLAN 
 
This lesson plan is created for a high school geometry course. This is designed as a one-
day lesson. 
 
The first half is designed as a lecture and the second half has students working 
independently on a construction. The lesson will begin with the teacher introducing the 
Delian problem and the cissoid of Diocles. The teacher will explain how the cissoid of 
Diocles is constructed. The following link provides a useful animation of another 
construction. 
https://commons.wikimedia.org/wiki/File:Cissoid_of_Diocles.gif 
 
The second part of the lesson will have students solve the Delian problem using the 
cissoid of Diocles. They will follow the steps of a construction to double the side of a 
cube. 
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Solving	  the	  Delian	  Problem	  with	  	  
the	  Cissoid	  of	  Diocles	  
	  1.	  State	  the	  Delian	  Problem	  and	  the	  original	  rules	  required	  to	  solve	  it.	  	  	  	  	  	  	   Answers	  will	  Vary	  	  	  	  	  	  2.	  Complete	  the	  following	  construction	  using	  the	  given	  segment	  𝑂𝐷	  on	  the	  following	  page.	  	  
Step	  1:	  Construct	  a	  circle	  centered	  at	  O	  with	  radius	  𝑂𝐷	  
Step	  2:	  Construct	  diameter	  𝐶𝐷	  
Step	  3:	  Construct	  points	  A	  and	  B	  on	  the	  diameter	  of	  the	  circle	  such	  that	  𝐴𝐵	  is	  	   perpendicular	  to	  𝐶𝐷	  	  
Step	  4:	  Construct	  a	  point	  E	  on	  𝐶𝐵	  and	  a	  point	  Z	  on	  𝐷𝐵	  such	  that	  𝐸𝐵 = 𝐵𝑍	  	  
Step	  5:	  Construct a segment perpendicular to 𝑂𝐷 through Z, label the intersection of this 
segment and 𝑂𝐷 be H 
	  
Step	  6:	  Construct	  𝐸𝐷	  and	  label	  the	  intersection	  of	  𝐸𝐷	  and	  𝐻𝑊	  be	  P	  	  Diocles’	  cissoid	  is	  the	  locus	  of	  point	  P	  as	  the	  positions	  of	  E	  and	  Z	  and	  change	  on	  their	  respective	  arcs	  while	  maintaining	  the	  relationship	  𝐸𝐵 = 𝐵𝑍.	  This	  is	  given	  to	  you	  for	  your	  construction.	  	  
Step	  7:	  Let	  the	  radius,	  𝑟 = 𝑎,	  𝑂𝐻 = 𝑥, and  𝐻𝑃 = 𝑦	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Construction	  
	  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Student Constructions should resemble the following: 
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3.	  Use	  your	  construction	  to	  find	  the	  Cartesian	  equation,	  (𝑎 − 𝑥)! = 𝑦! 𝑎 + 𝑥 ,	  of	  Diocles’	  cissoid.	  	  	  From	  the	  equation	  of	  a	  circle:	   𝐻𝑍 ! = 𝐶𝐻 • 𝐻𝑍	  	  Using	  similar	  triangles:	  !"!" = !"!"	  	  Therefore:	  !"!" = !"!" = !"!"	   	   	   	   	    𝑎 + 𝑥𝐻𝑍 = 𝐻𝑍𝑎 − 𝑥 = 𝑎 − 𝑥𝑦  
 𝑎 + 𝑥 𝑎 − 𝑥 = (𝐻𝑍)! and (𝑎 − 𝑥)! = 𝑦𝐻𝑍 
 
Squaring the right side: (𝑎 − 𝑥)! = 𝑦!(𝐻𝑍)! 
 
With Substitution: (𝑎 − 𝑥)! = 𝑦! 𝑎 + 𝑥 𝑎 − 𝑥  
 (𝑎 − 𝑥)! = 𝑦! 𝑎 + 𝑥  4.	  Use	  the	  Cartesian	  equation	  from	  number	  three	  and	  rewrite	  using	  segments	  from	  your	  construction.	  	   (𝑎 − 𝑥)! = 𝑦! 𝑎 + 𝑥  	   (𝐻𝐷)! = (𝐻𝑃)! 𝐶𝐻  	  What	  does	  𝐶𝐻	  need	  to	  equal	  in	  order	  to	  be	  a	  solution	  to	  the	  Delian	  problem?	  Verify	  your	  case.	  	  	   𝐶𝐻 = 2𝐻𝑃	  	   (𝐻𝐷)! = (𝐻𝑃)! 2𝐻𝑃  	   (𝐻𝐷)! = 2(𝐻𝑃)! 	  
The volume of a cube with side 𝐻𝑃 is double the volume of a cube with side 𝐻𝐷 
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8. WITCH OF AGNESI 
 Maria Agnesi (1718-1799) was an Italian mathematician who is known for 
writing the first textbook that studied both differential and integral calculus. Her book, 
Instituzioni analitiche, translated as Analytical Institutions, published in 1748 is the 
oldest surviving work written by a woman mathematician. The Dutch mathematician 
Dirk Jan Struik (1894-2000) considered her to be “the first important woman 
mathematician since Hypatia”. Agnesi was invited to accept the Chair of Mathematics at 
the University of Bologna, making her the second woman selected to be a professor at a 
university. Some researchers say she never made it to Bologna as she was too involved 
with her charitable work.  Agnesi was dedicated to the study of mathematics, religion, 
and helping the poor. She donated all her money to helping the poor and died in total 
poverty.   
 Agnesi’s book was the first to provide almost uniform methods in both to 
differential and integral calculus, which previously were studied using completely 
different methods from each other. In Paris, the committee of the Academie des Sciences 
regarded it as “the most complete and best made treatise” [17, 180]. This book is where 
the curve known as the Witch of Agnesi is discussed. This curve had been previously 
studied by Fermat (1607-1665) and Guido Grandi (1671-1742). The name originates 
from a mistranslation by Cambridge Professor John Colson of the word averisera, which 
means “versed sine curve”. It was mistaken as the word avversiera, which translates as 
“witch”. 
 To obtain the Witch of Agnesi, first a circle is drawn at the origin with center 0, !! . A line is drawn tangent to the top of the circle at 𝑦 = 𝑎. Choosing any point, A, on 𝑦 = 𝑎, a line segment is drawn from A to the 
origin. Where this segment intersects the circle is 
point B. A line, m, is drawn parallel to 𝑦 = 𝑎, 
through point B. Another line, n, is drawn 
perpendicular to 𝑦 = 𝑎, through point A.  The 
lines m and n intersect at a point P.  
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Figure 2 
D	  
The locus of points P traced out as A moves along 𝑦 = 𝑎,  is the Witch of Agnesi, as seen 
in figure 2. 
 
 
 
 
 
 
 
 
 Using the construction of figure 1, we can derive the parametric equations for the 
Witch of Agnesi. We will identify the radian measure of the angle that the segment OA 
makes with the x-axis as t, see figure 3. The coordinates of P will be expressed in terms 
of t.   
 
 
 
 
 
 
 
 
The distance from A to the x-axis equals a and therefore, cot 𝑡 = 𝑥𝑎 
 𝑥 = 𝑎 cot 𝑡 
This is the first parametric equation. 
 
 
 
Figure 3 
C	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∠𝑄𝐵𝑂 is a right angle because it is inscribed in a semi-circle, therefore    𝑚∠𝐵𝑄𝑂 +𝑚∠𝑄𝑂𝐵 = 90. 𝑄𝑂 and 𝑂𝐶 are perpendicular. Since 𝑡 +𝑚∠𝑄𝑂𝐵 = 90,  by 
substitution 𝑚∠𝐵𝑄𝑂 = 𝑡. 
 
Looking at ∆𝑄𝐵𝑂, sin 𝑡 =   𝑂𝐵2𝑎 → 𝑂𝐵 = 𝑎 sin 𝑡 
 
Construct a perpendicular segment, 𝐵𝐷, to the x-axis. 𝐵𝐷 = 𝑦.  
Looking at ∆𝑂𝐷𝐵, sin 𝑡 = 𝑦𝑂𝐵 → 𝑦 = 𝑂𝐵 sin 𝑡 → 𝑦sin 𝑡 = 𝑂𝐵 
By substitution, 𝑦sin 𝑡 = 𝑎 sin 𝑡 
Therefore, 𝑦 = 𝑎   sin! 𝑡 
 
Our final parametric equation is 𝑥 = 𝑎 cot(𝑡) and 𝑦 = 𝑎   sin! 𝑡.  
 
 The equation of the Witch of Agnesi in rectangular coordinates is 𝑦 = !!!!!!!. The 
derivation of which is part of the following lesson plan. The graphs for various values of 
a are all similar to the standard bell curve. They are used today as a distribution model in 
statistics. The Witch of Agnesi is applied in statistics because it is easier to integrate over 
a specific range compared to the standard bell curve. Computer models for weather 
conditions use this curve to describe topographic terrain peaks. Physics applies the Witch 
of Agnesi to describe “a driven oscillator near resonance, the spectral line distribution of 
optical lines and x-rays, and the amount of power that is dissipated in resonant circuits.” 
[17]  
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WITCH OF AGNESI LESSON PLAN 
 
This lesson is designed for a high school Trigonometry course. It is a one-day lesson. 
 
The lesson will begin with the teacher explaining what the Witch of Agnesi curve is and 
its history. An animation that is useful to show students can be found at: 
http://mathworld.wolfram.com/WitchofAgnesi.html 
The teacher will then give the parametric equations of the Witch of Agnesi to the 
students. Students will have to prove that these are the actual equations of the Witch. The 
general steps of the proof will be provided for the students. 
 
Students will practice manipulating and applying different trigonometric identities and 
concepts. This will be a student-led lesson where the class works together to figure out 
how to complete the next step of the proof. The teacher will offer direction and guidance 
as needed.  
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Witch	  of	  Agnesi	  
	  
Materials:	  graph	  paper,	  straight	  edge	  
 
Equations: 𝑥 = 𝑎 cot(𝑡) and 𝑦 = 𝑎 sin!(𝑡)   *This is our end goal 
 
Step	  1:	  Create	  the	  following	  construction	  on	  your	  graph	  paper,	  draw	  large	  	  
• Draw	  a	  circle	  with	  center	   0, !! and	  radius	  =	  !!	  
• Draw	  a	  line	  tangent	  to	  the	  circle	  at	  y	  =	  a	  
• Choose	  a	  point	  on	  your	  tangent	  line	  and	  label	  it	  A	  
• Draw	  a	  perpendicular	  line	  to	  the	  x-­‐axis,	  through	  A,	  label	  as	  line	  n	  
• Draw	  a	  line	  segment	  from	  A	  to	  the	  origin	  
• Label	  the	  point	  where	  this	  line	  segment	  intersects	  the	  circle	  as	  point	  B	  
• Draw	  a	  line	  parallel	  to	  y	  =	  a	  through	  point	  B,	  label	  as	  line	  m	  
• Label	  the	  intersection	  of	  lines	  n	  and	  m	  as	  point	  P	  =	  (x,	  y)	  
• Label	  the	  angle	  created	  by	  segment	  OA	  and	  the	  x-­‐axis	  as	  t	  
• Draw	  a	  diameter	  from	  y	  =	  a	  to	  the	  x-­‐axis,	  through	  the	  circle’s	  center	  
• Label	  the	  point	  on	  the	  diameter	  at	  the	  top	  of	  the	  circle	  as	  Q	  
• Draw	  a	  segment	  from	  Q	  to	  B	  The	  locus	  of	  points	  P	  traced	  out	  as	  A	  moves	  along	  𝑦 = 𝑎,  is	  the	  Witch	  of	  Agnesi.	  	  (Think	  about	  your	  construction	  moving	  the	  same	  way	  as	  the	  animation	  before)	  	  The	  rest	  of	  the	  proof	  will	  be	  utilizing	  your	  construction	  to	  get	  the	  coordinate	  (x,y)	  of	  
P	  in	  terms	  of	  t,	  resulting	  in	  the	  equations	  given	  above.	  	  	  
Step	  2:	  Find	  the	  cotangent	  of	  t	  and	  solve	  for	  x.	  	   cot 𝑡 = 𝑥2𝑎 
 𝑥 = 2𝑎 cot 𝑡 	  
This	  is	  the	  first	  parametric	  equation.	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Step	  3:	  Explain	  why	  ∠𝑄𝐵𝑂	  is	  a	  right	  angle.	  	   ∠𝑄𝐵𝑂 is a right angle because it is inscribed in a semi-circle	  	  	  
Step	  4:	  Explain	  why	  𝑚∠𝐵𝑄𝑂 = 𝑡.	  	  𝑚∠𝐵𝑄𝑂 +𝑚∠𝑄𝑂𝐵 = 90. 𝑄𝑂 and 𝑂𝐶 are perpendicular. Since 𝑡 +𝑚∠𝑄𝑂𝐵 = 90,  by 
substitution 𝑚∠𝐵𝑄𝑂 = 𝑡.	  	  	  
	  
	  
Step	  5:	  Using	  ∆𝑄𝐵𝑂	  calculate	  the	  sine	  of	  t,	  solve	  for	  𝑂𝐵.	  	   sin 𝑡 =   𝑂𝐵𝑎 → 𝑂𝐵 = 𝑎 sin 𝑡 	  	  	  
Step	  6:	  Construct a perpendicular segment, 𝐵𝐷, to the x-axis. 𝐵𝐷 = 𝑦.  
	  Using	  ∆𝑂𝐷𝐵	  calculate	  the	  sine	  of	  t,	  solve	  for	  𝑂𝐵.	  	  	   sin 𝑡 = 𝑦𝑂𝐵 → 𝑦 = 𝑂𝐵 sin 𝑡 → 𝑦sin 𝑡 = 𝑂𝐵 	  	  	  
Step	  7:	  Substitute	  the	  previous	  equation	  into	  your	  equation	  from	  step	  5.	  Solve	  for	  y.	  	   𝑦sin 𝑡 = 2 sin 𝑡 
 𝑦 = 2   sin! 𝑡 	  	  	  
*You	  have	  now	  derived	  both	  parametric	  equations	  of	  the	  Witch	  of	  Agnesi	  from	  
your	  construction!	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Verify	  that	  𝒚 = 𝒂𝟑𝒂𝟐!𝒙𝟐	  is	  the	  equation	  of	  the	  Witch	  of	  Agnesi	  curve	  in	  rectangular	  
coordinates.	  
	  
	   𝑦 = 𝑎   sin! 𝑡               𝑥 = 𝑎   cot 𝑡	  	   𝑦 = 𝑎!𝑎! + 𝑥!	  	  	   𝑎   sin! 𝑡 = 𝑎!𝑎! + 𝑎 cot 𝑡 !	  	  	  	     𝑎 sin! 𝑡 = 𝑎!𝑎!(1+ cot! 𝑡)	  
	  
	   𝑎 sin! 𝑡 = 𝑎csc! 𝑡	  	  	  
	   𝑎 sin! 𝑡 = 𝑎 sin! 𝑡	  
	  
	  
	  
	  
Graph	  this	  curve	  in	  your	  graphing	  calculator	  and	  sketch	  below.	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Figure 1 
9. CATENARY 
 In the early 17th century mathematicians questioned what curve a hanging flexible 
chain attains when it is supported at both ends and acted on by a uniform gravitational 
force. In 1638, Galileo published Two New Sciences, in which he stated that a hanging 
chain is an approximate parabola. Galileo noticed that this approximation improved as 
the curvature of the chain gets smaller. Joachim Jungius (1587-1657) disproved Galileo. 
His result, that a hanging chain was not a parabola, was published after his death in 1669. 
Jacob Bernoulli posed a challenge in 1690 to mathematicians to determine the equation 
for the curve of a freely hanging chain. Gottfried Leibniz, Christiaan Huygens, and 
Johann Bernoulli, working independently, derived the equation in 1691. Leibniz and 
Bernoulli used differential calculus to derive the equation, which was a new method at 
that time. All three mathematicians reached the same result. Huygens named the curve 
“catenary” from the Latin word for chain, “catena”. 
 In order to derive the equation of a catenary, first consider the section AP, where 
A is the lowest point on the curve and P is any point (𝑥,𝑦) on the chain, see figure 1 
below. There are three forces acting on the cable at any given time.  
1. 𝑇! = the horizontal tension pulling at A 
2. T  = the tangential tension pulling at P 
3. 𝑤!𝑠 = the linear density of the chain, 𝑤!, multiplied by the distance along the 
cable s 
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The horizontal and vertical components must balance, therefore: 
 𝑇! = 𝑇 cos𝜃 and 𝑤!𝑠 = 𝑇 sin𝜃 
 𝑤!𝑠𝑇! = 𝑇 sin𝜃𝑇 cos𝜃 
 
 𝑤!𝑠𝑇! = tan𝜃 
 
Since 𝑤! and 𝑇! are constant for any given chain, they can be combined to form one new 
constant. 
Let 𝑎 = !!!! 
 
Now, tan𝜃 = !! 
 
The tan𝜃 at any point is the same as the slope at that point, therefore: 
 𝑑𝑦𝑑𝑥 = 𝑠𝑎 
 
In order to define the equation in terms of x and y, the arc length s needs to be eliminated. 
In order to eliminate s we use the equation: 
 𝑑𝑠𝑑𝑥 = 1+ 𝑑𝑦𝑑𝑥 ! 
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By taking the derivative of the equation !"!" = !!, the following result is obtained using the 
chain rule: 𝑑!𝑦𝑑𝑥! = 1𝑎 • 1+ 𝑑𝑦𝑑𝑥 ! 
 
The second-ordered differential equation has the general solution,  𝑦 = 𝑎 𝑒!/! + 𝑒!!/!2  
Verifying this when a = 1, 𝑦 = 𝑒! + 𝑒!!2  
 𝑑𝑦𝑑𝑥 = 𝑒! − 𝑒!!2  
 𝑑!𝑦𝑑𝑥! = 𝑒! + 𝑒!!2  
Therefore, 
 𝑑!𝑦𝑑𝑥! = 𝑒! + 𝑒!!2 = 1+ 𝑑𝑦𝑑𝑥 ! = 1+ 𝑒! − 𝑒!!2 ! 
 
 𝑒! + 𝑒!!2 = 1+ 𝑒! − 𝑒!!2 ! 
 𝑒! + 𝑒!!2 = 1+ 𝑒!! − 2+𝑒!!!4  
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𝑒! + 𝑒!!2 = 4+ 𝑒!! − 2+𝑒!!!4  
 𝑒! + 𝑒!!2 = 𝑒!! + 2+𝑒!!!4  
 𝑒! + 𝑒!!2 = 𝑒!+𝑒!!2 !     
 𝑒! + 𝑒!!2 = 𝑒! + 𝑒!!2  
 
The functions 𝑦 = !!!!!!!  and  𝑦 = !!!!!!!  appear quite often in mathematics and are 
given the special notations cosh 𝑥 = !!!!!!!  and sinh 𝑥 = !!!!!!! . These are given the 
names of hyperbolic cosine of x and hyperbolic sine of x because they can be defined in a 
way analogous to the circular functions, cosine and sine. Cosine and sine are defined on 
the unit circle, 𝑥! + 𝑦! = 1. Hyperbolic cosine and hyperbolic sine are defined in an 
analogous way using the unit hyperbola, 𝑥𝑦 = 1. The most general equation of the 
catenary is, 𝑦 = 𝑎 cosh !! . 
 Catenaries are found in many places in the physical world. Clotheslines, ropes 
used to secure boats in a marina, suspension bridges, power lines, and many architectural 
arches are all catenaries see figure 2 below. In order to install power lines, the height of 
the poles, the length of the cable, and the distance from the lowest point to the ground 
need to be taken into consideration. The equations of the catenary are useful to describe 
the relationship between these variables and to install the power lines in a way that will 
not cause any danger. One of the most famous arches, the Gateway Arch in St. Louis is 
often described as an inverted catenary. A more appropriate description would be a 
weighted inverted catenary because the arch is thicker at its base and becomes narrower 
73	  
Figure 2 
as it get closer to the top of the arch. A normal catenary would have equal thickness 
throughout. This is the same as having a hanging chain where the links in the middle are 
lighter than the links closer to the poles.  
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CATENARY LESSON PLAN 
 
This activity is designed for a high school Algebra II course. It is a one-day activity.  
 
Prior to this lesson students will have finished their unit on quadratics. They will know 
how to calculate the different properties of a quadratic, graph a quadratic, and write the 
equation of a quadratic given a graph.  
 
Students will complete this activity with a partner. There will be little teacher 
intervention or guidance. Students will attempt to write the equation of a “hanging chain” 
and answer questions about their equation. 
 
Once students have completed the activity there will be a class discussion on their results. 
Different groups will put their equation on the board as examples. There will be a 
student-led conversation about problems they found with their equation and what parts of 
their curve fit best with their equation. 
 
After this discussion the teacher will inform the students that a “hanging chain” does not 
form a parabola, but a catenary. A brief history of the catenary and its properties will be 
given with examples of where it is seen in the physical world, such as the Gateway Arch 
in St. Louis, Missouri.  
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Equation	  of	  a	  Hanging	  String	  	  
Materials:	  string,	  tape,	  graph	  paper	  	  
Instructions:	  	  1. One	  partner	  will	  hold	  your	  graph	  paper	  still	  against	  a	  wall	  in	  the	  room.	  	   2. Tape	  your	  string,	  on	  both	  ends,	  to	  the	  graph	  paper	  where	  it	  hangs	  down.	  Do	  not	  pull	  the	  string	  tight,	  you	  want	  it	  to	  hang	  down.	  	  (Hint:	  try	  and	  get	  the	  vertex	  of	  your	  string	  to	  touch	  a	  “nice”	  point	  on	  your	  graph	  paper,	  make	  this	  the	  origin)	  	   3. The	  second	  partner	  will	  then	  trace	  the	  path	  of	  the	  string	  as	  close	  as	  possible	  on	  the	  graph	  paper.	  	  	   4. Remove	  your	  graph	  paper	  from	  the	  wall	  and	  carefully	  pull	  the	  string	  off	  the	  paper.	  	  	  	   5. Identify	  some	  “nice”	  points	  on	  your	  graph	  paper	  and	  answer	  the	  following	  questions.	  	  	  	  
Questions	  
	  1.)	  What	  shape	  does	  your	  hanging	  string	  appear	  to	  have?	  	  	   Parabola	  	  	  2.)	  Write	  an	  equation	  for	  your	  graph.	  	  	   Answers	  will	  vary	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3.)	  Create	  a	  table	  of	  values	  for	  the	  equation	  you	  came	  up	  with	  in	  question	  two.	  Plot	  this	  graph	  on	  the	  same	  graph	  as	  your	  string	  	  	  
X	   	   	   	   	   	   	   	  
Y	   	   	   	   	   	   	   	  	  	   Answers	  will	  vary	  	  	  	  	  	  4.)	  Does	  the	  graph	  of	  your	  hanging	  string	  match	  perfectly	  with	  the	  graph	  of	  your	  equation?	  Describe	  your	  two	  graphs	  in	  relation	  to	  each	  other.	  	  The	  graph	  of	  the	  hanging	  string	  does	  not	  match	  perfectly	  with	  the	  graph	  of	  my	  equation.	  It	  matches	  better	  the	  closer	  they	  get	  to	  the	  vertex	  of	  the	  hanging	  string.	  The	  farther	  away	  from	  the	  vertex	  the	  more	  the	  graphs	  differ.	  	  	  	  	  	  5.)	  What	  conclusion	  can	  you	  make	  about	  the	  graph	  of	  a	  hanging	  string?	  	  The	  equation	  that	  describes	  a	  hanging	  string	  is	  not	  a	  parabola.	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Example 
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Figure 1 
10. CYCLOID 
 Galileo (1564-1642) was the first known mathematician to seriously study they 
cycloid, it is believed that he named the curve as well. Galileo’s focus was calculating the 
area of a cycloid. He attempted to do this by weighing shaped pieces of metal from the 
shape of the cycloid and its generating circle. The exact area was found by his pupil, 
Torricelli (1608-1647). Fermat, Roberval (1602-1675), and Descartes (1596-1650) were 
also able to find the area of a cycloid. The cycloid was the frequent cause of many 
disagreements between mathematicians in the 17th century; because of this it became 
known as the “Helen of Geometry”. [13, 389] The cycloid is the locus of a point on a 
circle rolling on a straight line, see figure 1 below. The parametric equations for a cycloid 
with a cusp at the origin, a horizontal base line 𝑦 = 0, and generated by a circle of radius 
r rolling over the “positive” side of the base are given by 𝑥 = 𝑟(𝑡 − sin 𝑡)  and 𝑦 = 𝑟(1− cos 𝑡). The parameter t corresponds to the angle through which the circle has 
rotated. For any given t, the center of the circle lies at 𝑟𝑡, 𝑟 . 
 
 
 
Brachistochrone Problem 
 The Brachistochrone Problem challenged mathematicians to find the shape of the 
curve of which a ball starting from rest and accelerated by gravity (without friction) 
would travel from one point to another in the least amount of time. The term derives from 
the Greek words brachistos, meaning “the shortest”, and chronos, meaning “time”. 
Johann Bernoulli published this problem in Acta Eruditorum in 1696. After six months 
no answers had yet been received. The problem was mailed to Newton in 1697 and he 
was able to solve it by the very next day. Newton mailed his proof back and included a 
response that stated he did not love to be “teased by foreigners about mathematical 
things”. [16] Along with Newton, Jakob Bernoulli (1655-1705), Leibniz (1646-1716), 
and L’Hospital (1661-1704) also submitted correct proofs of the solution. Many would 
think that the solution to this problem is a straight line because it is the shortest distance 
between two points. The actual solution is an inverted cycloid. The speed at which a ball 
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Figure 2 
Figure 4 Figure 5 
travels on a straight line and on a cycloid are shown in figure 2 below. Here it is easy to 
see that the inverted cycloid is the path of quicker descent.  
 
 
 
 
Tautochrone Problem   
 The cycloid solves another problem posed by mathematicians, the Tautochrone 
Problem. The word tautochrone comes from the Greek prefixes tauto meaning “same” 
and chrono meaning “time”.  The Tautochrone Problem is the problem of finding a curve 
which a ball placed anywhere on the curve will slide, without friction and in uniform 
gravity, to the bottom in the same amount of time. Figure 4 shows an inverted cycloid 
that would solve this problem. All four balls on the curve would reach the bottom at the 
exact same time. Christiann Huygens solved this problem geometrically in 1659. 
Huygens grew more interested in the tautochrone problem when he realized that a 
pendulum was not isochronous. The pendulum clock would keep different time 
depending on the length of the pendulum swing. Huygens attempted to create a pendulum 
clock that used the tautochrone curve to measure time. He made the pendulum swing in 
an arc of a cycloid by placing “two evolutes of inverted cycloid arcs on each side of the 
pendulum’s point of suspension”, see figure 5. [26] Huygens model was imperfect due to 
friction along the arcs, which caused a greater error than could be corrected by a 
cycloid’s path.  
 
 
 
 
 
  
The parametric equations of the cycloid are 𝑥 = 𝑎(𝜃 − sin𝜃) and 𝑦 = 𝑎 1− cos𝜃 . 
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CYCLOID LESSON PLAN 
Adapted from Tom Roidt 
 
This lesson is designed for a high school calculus course. It is a one-two day lesson. 
 
Prior to this lesson students will have studied parametric equations, trigonometry, and 
radian measure.  
 
The majority of this lesson will be teacher led with the students filling in guided notes. 
Students will be given the definition of a cycloid and will then draw a picture of what 
they think it looks like. A few students will be selected to shown their sketches on the 
board. The teacher will then show how a cycloid is generated using an animation. 
http://mathworld.wolfram.com/Cycloid.html 
 
The teacher will then lead students through the process of deriving the parametric 
equations for a cycloid. For each step students will discuss possible solutions or 
techniques as a class, the teacher will guide them in the correct path. The students in pairs 
in an advanced calculus course can complete this portion of the lesson on their own 	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Cycloid	  Notes	  	  
Definition:	  	  •	  The	  curve	  traced	  by	  a	  point	  on	  the	  rim	  of	  a	  circular	  wheel	  as	  the	  wheel	  rolls	  along	  a	  straight	  line.	  	  •	  A	  curve	  generated	  by	  a	  point	  on	  the	  circumference	  of	  a	  circle	  that	  rolls,	  without	  slipping,	  on	  a	  straight	  line.	  	  1.)	  Based	  on	  the	  previous	  definition,	  sketch	  a	  cycloid.	  	  	  	   Answers	  will	  vary	  	  	  	  2.)	  What	  is	  the	  straight	  line	  distance	  between	  the	  beginning	  and	  end	  of	  a	  cycloid?	  	  The	  circumference	  of	  the	  circle,	  2𝜋𝑟.	  	  3.)	  What	  is	  the	  height	  of	  a	  cycloid?	  	  The	  diameter	  of	  the	  circle,	  2r.	  	  Use	  the	  following	  diagram	  to	  answer	  the	  remaining	  questions.	  	  	  
Generating	  circle	  	  
r	  =	  radius	  𝜃	  =	  angle	  of	  rotation	  	  	  	  	  	  	  	  	  of	  circle	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4.)	  	  Find	  the	  coordinates	  of	  the	  following	  point	  in	  terms	  of	  r	  and	  𝜃.	  	  Point	  A:	  (𝑟𝜃, 0)	  	  	  	  Point	  C:	  (𝑟𝜃, 𝑟)	  	  	  	  5.)	  Find	  the	  length	  of	  𝑃𝐵	  and	  𝐵𝐶,	  in	  terms	  of	  𝜃,	  using	  trigonometry	  	   𝑃𝐵 = 𝑟 sin𝜃	  	   𝐵𝐶 = 𝑟 cos𝜃	  	  	  	  	  	  6.)	  Use	  the	  results	  in	  the	  previous	  question	  to	  find	  the	  coordinates	  of	  B	  and	  P.	  	  	  Point	  B:	  (𝑟𝜃, 𝑟 − 𝑟 cos𝜃)	  	  Point	  P:	  (𝑟𝜃 − 𝑟 sin𝜃 , 𝑟 − 𝑟 cos𝜃)	  	  	  	  	  	  The	  coordinates	  of	  P	  represent	  a	  parametric	  equation	  for	  a	  cycloid.	  	  	  	  
Parametric	  Equation	  of	  a	  Cycloid:	  
	   (𝑟𝜃 − 𝑟 sin𝜃 , 𝑟 − 𝑟 cos𝜃)	  or	  [𝑟(𝜃 − sin𝜃) , 𝑟(1− cos𝜃)]	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CONCLUSION 
 Mathematicians thrive off of challenges. Problems posed to mathematicians result 
in the development of new methods and concepts. The three classical problems, presented 
by the Greeks around 450 BC, challenged mathematicians for centuries. In the attempt to 
solve these problems mathematicians developed new curves. They then tried to construct 
those curves using only a straight edge and compass, which was required in the original 
challenge. As discussed, Archimedes’ spiral and the Quadratrix will square the circle, 
parabolas, a hyperbola, and the Cissoid of Diocles will double the cube, and Archimedes’ 
spiral and the Trisectrix will trisect any angle into equal parts. The challenge of the 
hanging chain was solved with a catenary and the challenges of the Brachistochrone and 
Tautochrone problems were solved with a cycloid.  
 All of the curves discussed are applied throughout mathematics and in the 
physical world. Many more properties and applications of each curve can be further 
researched. Curves that were not discussed but are worthy of exploration include the 
choncoid, general cissoid, asteroid, hyperbolic spiral, and Viviani’s curve. Notable 
references that would be good resources for teachers include A Curious History of 
Mathematics by Joel Levy, The Math Book by Clifford Pickover, and David Pleacher’s 
web pages on conic sections. Pleacher’s sites include links to lesson plans for each conic 
section. Lesson plans and activities are included for Algebra, Geometry, Trigonometry, 
Statistics, Pre-calculus, and Calculus.   
 This discussion was meant to introduce and break down these curves to a level 
where 7-12 mathematics teachers can include them in their curriculum. The 
mathematicians (and their dates) involved in the discussion and use of these curves are 
emphasized so that students will realize that mathematics has a long history of being a 
human endeavor. Lesson plans have been provided as an example of how and where 
these curves could be taught. Expansions of these lesson plans into higher mathematics 
are encouraged for the higher-grade levels or advanced students. Lesson plan expansions 
should utilize the mathematics included in the discussion and refer to references for more 
concepts and applications.  
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Conic	  Sections:	  Overview	  	  Conic	  sections	  are	  the	  curves	  which	  can	  be	  derived	  from	  taking	  slices	  of	  a	  "double-­‐napped"	  cone.	  There	  are	  four	  types	  of	  Conic	  Sections:	  	  
• Parabolas	  
• Ellipses	  
• Circles	  
• Hyperbolas	  	  	  There	  are	  some	  basic	  terms	  that	  you	  should	  know	  for	  this	  topic:	  	  
• ______________:	  the	  point	  (h,	  k)	  at	  the	  center	  of	  a	  circle,	  an	  ellipse,	  or	  an	  hyperbola.	  
• ______________	  :	  in	  the	  case	  of	  a	  parabola,	  the	  point	  (h,	  k)	  at	  the	  turning	  point	  of	  a	  parabola;	  in	  the	  case	  of	  an	  ellipse,	  an	  end	  of	  the	  major	  axis;	  in	  the	  case	  of	  an	  hyperbola,	  the	  turning	  point	  of	  a	  branch	  of	  an	  hyperbola.	  
• _______________	  :	  a	  point	  from	  which	  distances	  are	  measured	  in	  forming	  a	  conic;	  a	  point	  at	  which	  these	  distance-­‐lines	  converge,	  or	  "focus";	  the	  plural	  form	  is	  "foci".	  
• _____________________	  :	  a	  line	  from	  which	  distances	  are	  measured	  in	  forming	  a	  conic.	  
• ________________________________________	  :	  a	  line	  perpendicular	  to	  the	  directrix	  passing	  through	  the	  vertex	  of	  a	  parabola.	  
• ________________________________________	  :	  a	  line	  segment	  perpendicular	  to	  the	  directrix	  of	  an	  ellipse	  and	  passing	  through	  the	  foci.	  
• ________________________________________	  :	  	  a	  line	  segment	  perpendicular	  to	  and	  bisecting	  the	  major	  axis	  of	  an	  ellipse;	  the	  segment	  terminates	  on	  the	  ellipse	  at	  either	  end.	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Given	  an	  equation,	  how	  do	  I	  know	  which	  sort	  of	  conic	  it	  is?	  Just	  as	  each	  conic	  has	  a	  typical	  shape, so	  also	  each	  conic	  has	  a	  "typical"	  equation	  form,	  sometimes	  along	  the	  lines	  of	  the	  following:	  	  parabola:	  Ax2	  +	  Dx	  +	  Ey	  =	  0	  circle:	  x2	  +	  y2	  +	  Dx	  +	  Ey	  +	  F	  =	  0	  ellipse:	  Ax2	  +	  Cy2	  +	  Dx	  +	  Ey	  +	  F	  =	  0	  hyperbola:	  Ax2	  –	  Cy2	  +	  Dx	  +	  Ey	  +	  F	  =	  0	  	  Practice:	  Classify	  the	  following	  equations	  according	  to	  the	  type	  of	  conic	  each	  represents:	  	   A)	  3x2	  +	  3y2	  –	  6x	  +	  9y	  –	  14	  =	  0	  	   B)	  6x2	  +	  12x	  –	  y	  +	  15	  =	  0	  	   C)	  x2	  +	  2y2	  +	  4x	  +	  2y	  –	  27	  =	  0	  	   D)	  x2	  –	  y2	  +	  3x	  –	  2y	  –	  43	  =	  0	  	  A)	  Both	  variables	  are	  squared,	  and	  both	  squared	  terms	  are	  multiplied	  by	  the	  same	  number,	  so	  this	  is	  __________________________________.	  	  B)	  Only	  one	  of	  the	  variables	  is	  squared,	  so	  this	  is	  	  ________________________________.	  	  C)	  Both	  variables	  are	  squared	  and	  have	  the	  same	  sign,	  but	  they	  aren't	  multiplied	  by	  the	  same	  number,	  so	  this	  is	  ___________________________________	  .	  	  	  D)	  Both	  variables	  are	  squared,	  and	  the	  squared	  terms	  have	  opposite	  signs,	  so	  this	  is	  a	  ________________________________________	  .	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C:	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  F:	  	  	  V:	  	  EPMA:	  
C:	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  F:	  	  	  V:  	  	  EPMA:  	  Note:	  a	  >	  b	  and	  a	  >	  c	  ALWAYS!	  EPMA	  =	  	  
 
The	  Parabola	  	  Definition:	  	  A	  parabola	  is	  the	  set	  of	  all	  points	  which	  are:	  	  	   	   	   	   	  	  	   	   	   	   	   	   	   	   	   	   	   	   	  	  Standard	  Equation	  for	  a	  parabola	  with	  vertex	  (0,0)	  and	  focus	  at	  (a,0)	  (or	  (0,a))	  is:	  	  	  	   Characteristics	  of	  a	  Parabola	  with	  a	  >	  0:	  Standard	  Equation	   y2	  =	  4ax	   y2	  =	  	  –	  4ax	   x2	  =	  4ay	   x2	  =	  	  –	  4ay	  Vertex	   (0,0)	   (0,0)	   (0,0)	   (0,0)	  Opens	   	   	   	   	  Axis	  of	  Symmetry	   	   	   	   	  Focus	   	   	   	   	  Directrix	   	   	   	   	  	  Note	  that	  the	  value	  of	  “a”	  is	  always	  	  the	  distance	  from	  ___________________	  and	  the	  distance	  from	  	   	   	   	   .	  	  	  Thus,	  2a	  is	  the	  distance	  from	  _____________________________________________	  .	  	  
The	  Ellipse	  	  Definition:	  	  The	  ellipse	  is	  the	  set	  of	  all	  points	  in	  the	  plane	  for	  which:	  	  	  	  The	  two	  Standard	  Equations	  for	  an	  ellipse	  with	  center	  at	  (0,0)	  are:	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Translation	  of	  Ellipses	  to	  Center	  (h,k)	  	   Main	  Facts	  About	  Ellipses	  with	  Center	  (h,k)	  
Standard	  Equation	   	  	  Elongates	  Horizontally	  
	  	  Elongates	  Vertically	  Center	   (h,k)	   (h,k)	  Major	  axis	  along	  line	   	   	  Length	  of	  major	  axis	   2a	   2a	  Minor	  axis	  along	  line	   	   	  Length	  of	  minor	  axis	   2b	   2b	  Vertices	   	   	  Endpts	  Minor	  Axis	  (EPMA)	   	   	  Foci	   	   	  Symmetry	  about	  lines	   y	  =	  k	  and	  x	  =	  h	   y	  =	  k	  and	  x	  =	  h	  	  Note	  that	  the	  value	  of	  	  “a”	  is	  always	  	   	   	   	  and	  	   	   	   .	  	  	  
 
 
Examples	  
	  
Parabola	  
 Find	  the	  standard	  equation	  of	  the	  parabola	  that	  satisfies	  the	  given	  conditions.	  	  a)	  focus:	  (0,4);	  directrix:	  y	  =	  -­‐2	   	   	   b)	  vertex:	  (1,1);	  directrix:	  y	  =	  2	  	  	  	  	  	  	  	  	  	  	  	  	  
1
b
)ky(
a
)hx(
2
2
2
2
=
−
+
− 1
b
)hx(
a
)ky(
2
2
2
2
=
−
+
−
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  Find	  the	  vertex,	  focus,	  and	  directrix	  of	  the	  parabola,	  and	  then	  graph.	  	  	  (𝑦 + 2)²   =   8(𝑥 − 3)	  	   	   	   	   	   	  	  	  	  	  	  	  	  	  	  	  
 
 
 
Ellipse	  
	  Sketch	  a	  graph	  of	  the	  ellipse	  represented	  by	   	  
	  	  Horizontal	  or	  Vertical?	  	   	   	   	   	  Center:	  	   	  	  Vertices	  (major	  axis):	   	   	   	   	   	  	  	  	  EPMA	  (minor	  axis):	  	  _________________________________	  	  	  	  Foci	  (inside	  ellipse):	   	   	   	   	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
1
9
)1(
25
)3( 22
=
+
+
− yx
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  Find	  an	  equation	  of	  the	  ellipse	  that	  has	  foci	  (-­‐3,2)	  and	  (5,2)	  and	  that	  has	  a	  major	  axis	  of	  length	  10,	  and	  then	  sketch	  it.	  	                                                                                                                                	   	  Horizontal	  or	  Vertical?	  	   	   	   	  	  Center:	  	   	  	  Vertices	  (major	  axis):	   	   	   	   	   	  	  EPMA	  (minor	  axis):	  	  _______________________________________	  	  Foci	  (inside	  ellipse):	   	   	   	   	  	  	  
	  
	  
Hyperbola	  	  Find	  the	  following	  information	  and	  sketch	  the	  graph	  of	        (𝑦−1)²4 − (𝑥+1)29 = 1	  	  	  	  	  Opens	  left/right	  or	  up/down?	  	  	   	   	   	   	   	   	   	   	   	  	  	  	  	  	  	  	  	  Center:  	  	  Vertices:  	  	  EPCA:	  	  	  Foci:	  	  	  Change	  to	  the	  standard	  form	  of	  a	  hyperbola:	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  9𝑥²− 16𝑦! + 18𝑥 + 64𝑦 − 199 = 0	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Applications 
 1.)	  A	  parabolic	  reflective	  mirror	  used	  for	  solar	  heating	  of	  water	  is	  15	  feet	  across	  and	  6	  feet	  deep.	  Where	  should	  the	  heating	  element	  be	  placed	  to	  heat	  the	  water	  the	  fastest?	  	  	  	  	  	  	  	  	  2.)	  A	  "whispering	  room"	  is	  one	  with	  an	  elliptically-­‐arched	  ceiling.	  If	  someone	  stands	  at	  one	  focus	  of	  the	  ellipse	  and	  whispers	  something	  to	  his	  friend,	  the	  dispersed	  sound	  waves	  are	  reflected	  by	  the	  ceiling	  and	  concentrated	  at	  the	  other	  focus,	  allowing	  people	  across	  the	  room	  to	  clearly	  hear	  what	  he	  said.	  Suppose	  such	  a	  gallery	  has	  a	  ceiling	  reaching	  twenty	  feet	  above	  the	  five-­‐foot-­‐high	  vertical	  walls	  at	  its	  tallest	  point	  (so	  the	  cross-­‐section	  is	  half	  an	  ellipse	  topping	  two	  vertical	  lines	  at	  either	  end),	  and	  suppose	  the	  foci	  of	  the	  ellipse	  are	  thirty	  feet	  apart.	  What	  is	  the	  height	  of	  the	  ceiling	  above	  each	  "whispering	  point"?	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3.)	  Menaechmus	  solved	  the	  Delian	  problem	  using	  parabolas	  and	  a	  hyperbola.	  Below	  are	  three	  examples	  of	  equations	  whose	  intersection	  would	  solve	  the	  Delian	  problem.	  Sketch	  each	  example	  and	  label	  the	  point	  of	  intersection	  that	  is	  the	  solution.	  	  a)	  𝑥! = 𝑎𝑦                      𝑥𝑦 = 𝑎𝑏	  	   	   	   	   	   b)	  𝑦! = 𝑏𝑥                        𝑥𝑦 = 𝑎𝑏	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  c)	  𝑥! = 𝑎𝑦                          𝑦! = 𝑏𝑥	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Trisecting	  an	  Angle	  	  
	  Trisect	  the	  segment	  using	  a	  straight	  edge	  and	  compass.	  	  	  	  	  	  	  	  	  	  	  	  Bisect	  the	  angle	  using	  a	  straightedge	  and	  compass.	  	  	  	  	  
 
 
 
 
 	  	  	  	  	  	  Can	  you	  generalize	  this	  method	  	  to	  trisect	  the	  angle	  using	  a	  straightedge	  and	  compass?	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Archimedes’	  Spiral	  
	  Archimedes	  describes	  his	  spiral	  using	  a	  ray	  and	  a	  bug.	  A	  ray	  rotates	  around	  a	  point	  at	  a	  constant	  speed.	  	  	  	  	  	  	  	  	  	  	  	  	  	  While	  this	  ray	  is	  rotating,	  a	  bug	  craws	  along	  the	  ray	  at	  a	  constant	  speed.	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Wherever	  this	  bug	  touches	  is	  a	  point	  on	  Archimedes’	  Spiral.	  The	  bug	  creates	  the	  follow	  curve.	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Drawing	  Archimedes’	  Spiral	  
	  
Materials:	  thread	  reel,	  pencil,	  scissors,	  paper,	  tape,	  ruler	  	  Step	  1:	  Cut	  a	  strip	  of	  paper	  the	  same	  width	  as	  the	  inside	  of	  the	  reel	  of	  thread	  and	  at	  least	  10	  inches	  long.	  	  	  	  	  	  Step	  2:	  Tape	  one	  end	  of	  the	  strip	  to	  the	  inside	  of	  the	  thread	  reel.	  	  	  	  	  	  	  Step	  3:	  Lay	  the	  thread	  reel	  with	  the	  strip	  of	  paper	  going	  underneath	  of	  it.	  Place	  the	  pencil	  at	  the	  end	  of	  the	  strip	  of	  paper.	  Fold	  the	  paper	  over	  the	  pencil	  tightly	  and	  tape	  it	  down.	  	  	  	  	  	  Step	  4:	  Starting	  at	  the	  thread	  reel,	  wind	  the	  paper	  around	  the	  reel	  tightly,	  up	  until	  the	  pencil.	  	  	  	  	  	  Step	  5:	  Ask	  a	  friend	  to	  hold	  the	  thread	  reel	  in	  the	  middle	  of	  the	  large	  sheet	  of	  paper.	  	  	  	  	  	  	  Step	  6:	  Gradually	  unravel	  the	  strip	  of	  paper,	  keeping	  the	  pencil	  upright	  so	  it	  makes	  a	  path	  on	  the	  paper.	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𝜃	  
Practice	  drawing	  Archimedes’	  Spiral	  a	  few	  times	  and	  then	  use	  it	  to	  trisect	  the	  angle	  using	  the	  steps	  below.	  
 
8. Start at the angle’s vertex and begin drawing Archimedes’ Spiral. 
9. Mark the intersection of Archimedes’ Spiral and the top line as point P. 
10. Trisect the line segment 𝑂𝑃 using a straightedge and compass. 
11. Mark the trisection point of  𝑂𝑃 as point R. 
12. Construct a circle with center O and radius 𝑂𝑅. 
13. Label the intersection of this circle and Archimedes’ Spiral as point T. 
14. 𝑂𝑇 creates an angle, 𝜑, that is a third of the original angle.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Verify that 𝜑 is one third of 𝜃 
 
 
 
 
 
 
 
 
 
 
 
O	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•	  	  	  	  
Center	  
Spiral	  of	  Theodorus	  Project	  
 For	  this	  project	  you	  will	  be	  utilizing	  your	  knowledge	  of	  the	  Pythagorean	  Theorem	  to	  create	  a	  spiral	  of	  right	  triangles,	  the	  Spiral	  of	  Theodorus.	  Follow	  the	  steps	  below	  on	  your	  blank	  sheet	  of	  paper.	  	  	  
Materials:	  Blank	  paper,	  work	  paper,	  ruler,	  coloring	  utensils	  	  	  Step	  1:	  Place	  a	  dot	  in	  the	  center	  of	  your	  paper,	  this	  will	  be	  the	  center	  of	  your	  spiral.	  	  
Step	  2:	  Draw	  a	  right	  triangle	  with	  legs	  of	  length	  1	  inch	  using	  this	  	  orientation.	  	  	  
Step	  3:	  Determine	  the	  hypotenuse	  of	  this	  triangle	  on	  your	  work	  paper.	  That	  	  hypotenuse	  becomes	  the	  new	  leg	  for	  your	  second	  triangle,	  and	  so	  on.	  The	  	  other	  leg	  will	  always	  be	  1	  inch	  as	  shown	  below.	  	  	  
Step	  4:	  If	  the	  hypotenuse	  is	  a	  non	  perfect	  square,	  you	  must	  show	  each	  approximation	  without	  a	  calculator.	  Label	  the	  spiral	  with	  the	  exact	  calculation.	  	  
Step	  5:	  Continue	  this	  process	  until	  you	  have	  made	  20	  right	  triangles.	  	  	  
Step	  6:	  When	  you	  get	  to	  the	  stage	  where	  your	  right	  triangles	  overlap	  previous	  triangles,	  draw	  your	  hypotenuse	  towards	  the	  center	  of	  the	  spiral	  but	  stop	  when	  it	  hits	  the	  previous	  triangles.	  (Ask	  if	  you	  have	  questions)	  
 Your	  drawing	  should	  look	  similar	  to	  the	  following.	  	  
 
 
 
 
 
 
 
 
 
 
	  
When	  you	  are	  finished	  color	  your	  spiral,	  be	  creative!!!	  
 
You will turn in your finished spiral and the separate sheet with your neatly done 
work. 
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Cassini	  Ovals	  
	  
Cassini	  Oval:	  	  	  	  
General	  Equation:	  	  	  	  Graph	  the	  following	  equation	  on	  GeoGebra	  and	  sketch	  its	  shape	  below.	  Identify	  the	  values	  of	  a	  and	  b.	  	  
	  (𝑥! + 𝑦! + 4)! − 16𝑥! = 81                        𝑎 =                                         𝑏 =	  
	  Sketch:	  
	  
	  
	  
	  Now,	  change	  ONLY	  the	  b	  value	  and	  graph	  the	  equation	  again.	  Draw	  the	  sketch	  of	  your	  graph.	  
	  (𝑥! + 𝑦! + 4)! − 16𝑥! =                               𝑎 =                                         𝑏 =	  	  	  	  	  	  	  	  
	  Sketch:	  
	  
	  
	  
	  
	  Repeat	  this	  process	  until	  you	  discover	  the	  three	  different	  shapes	  a	  Cassini	  oval	  can	  take.	  Sketch	  them	  below	  and	  determine	  the	  relationship	  between	  a	  and	  b	  for	  each	  shape.	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Notes	  	  Different	  shapes	  of	  Cassini	  ovals	  are	  shown	  below.	  	  
 
 
 
 
 
 
 
 If	                        ,	  the	  graph	  is	  a	  single	  loop	  in	  the	  shape	  of	  a	  peanut	  shell	  or	  ellipse.	  (blue)	  If                        ,	  the	  graph	  is	  the	  shape	  of	  an	  infinity	  symbol.	  (red)	  If	                        ,	  the	  graph	  is	  two	  loops	  in	  the	  shape	  of	  eggs	  with	  their	  narrow	  ends	  facing	  each	  other.	  (green)	  	  To	  graph	  Cassini	  ovals:	  	  	   1.	  Determine	  the	  shape	  of	  the	  graph	  by	  examining	  the	  relationship	  between	  a	  	  	   	  	  	  	  	  and	  b.	  	   2.	  Plot	  several	  points	  that	  satisfy	  the	  equation,	  and	  connect	  in	  an	  appropriate	  	  	  	  	  	  	   	  	  	  	  curve.	  	   	  Graph.	  	  (𝑥! + 𝑦! + 4)! − 16𝑥! = 16	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Polar	  Curves	  Activity	  Put	  your	  calculator	  in	  polar	  mode:	  	   Mode	  	   Change	  FUNC	  to	  POL	  	   Enter	  	  Graph	  the	  following	  equations	  on	  your	  calculator	  and	  sketch	  the	  results	  below.	  	  
Rose	  Curve	  	  𝑟 = 2 sin(2𝜃)                                                                                             𝑟 = 3 sin(2𝜃)                                                                           𝑟 = 5 sin(2𝜃)	  	  	  	  	  	  	  𝑟 = 2 sin(3𝜃)                                                                                             𝑟 = 2 sin(4𝜃)                                                                           𝑟 = 2 sin(6𝜃)	  	  	  	  	  	  	  	   	  	  𝑟 = 2 cos(2𝜃)                                                                                         𝑟 = 2 cos(3𝜃)                                                                           𝑟 = 2 cos(6𝜃)	  	  	  	  	  	  	  	  How	  does	  changing	  the	  number	  in	  front	  of	  the	  trig	  function	  relate	  to	  the	  graph?	  	  	  	  How	  does	  changing	  the	  number	  with	  𝜃	  relate	  to	  the	  graph?	  	  	  	  What	  is	  difference	  between	  having	  sine	  or	  cosine	  in	  the	  equation?	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Limacon	  Curve	  	  𝑟 = 1+ 3sin𝜃                                                                                                                                                                         𝑟 = 1− 3 sin𝜃              	  	  	  	  	  	  	  𝑟 = 1+ 3cos𝜃                                                                                                                                                                         𝑟 = 1− 3 cos𝜃	  	  	  	  	  	  + sin𝜃  places	  the	  graph:	  	  	  − sin𝜃	  places	  the	  graph:	  	  	  + cos𝜃  places	  the	  graph:	  	  	  − cos𝜃	  places	  the	  graph:	  	  	  	  
Lemniscate	  Curve	  	  𝑟 = 4 sin(2𝜗)                                                                                                                       𝑟 = 9 sin(2𝜗)      	  	  	  	  	  	  	  𝑟 = 4 cos(2𝜗)                                                                                                                       𝑟 = 9 cos(2𝜗)    	  	  	  	  	  	  How	  does	  the	  value	  in	  front	  of	  the	  trig	  function	  change	  the	  graph?	  	  	  What	  is	  difference	  between	  having	  sine	  or	  cosine	  in	  the	  equation?	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Constructing	  the	  Trisectrix	  	  
Materials:	  blank	  paper,	  straight	  edge,	  compass	  	  	  
Step	  1:	  Draw	  a	  6”	  square	  on	  your	  blank	  sheet	  of	  paper.	  Label	  the	  points	  A,B,C,D	  	  starting	  in	  the	  bottom	  left	  and	  going	  counter-­‐clockwise.	  	  
Step	  2:	  Draw	  horizontal	  lines,	  parallel	  to	  the	  top	  of	  your	  square,	  one	  inch	  apart.	  Continue	  your	  lines	  until	  you	  reach	  the	  bottom	  of	  your	  square.	  	  	  
Step	  3:	  	  Using	  your	  compass,	  place	  the	  pencil	  at	  point	  D,	  and	  the	  other	  vertex	  at	  point	  A.	  Draw	  an	  arc	  from	  point	  D	  to	  point	  B.	  	  	  
Step	  4:	  Starting	  at	  point	  A	  draw	  several	  straight	  lines,	  at	  different	  angle,	  to	  the	  arc	  you	  just	  drew	  in	  the	  previous	  step.	  Draw	  at	  least	  five	  lines.	  	  	  
Step	  5:	  Place	  points	  at	  the	  intersections	  of	  the	  lines	  you	  drew	  in	  step	  4	  with	  the	  horizontal	  lines	  you	  drew	  in	  step	  2.	  	  	  
Step	  6:	  Connect	  the	  points	  from	  step	  5	  in	  an	  arc,	  this	  is	  the	  Trisectrix.	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Trisecting	  an	  Angle	  with	  the	  Trisectrix	  	  
Materials:	  constructed	  Trisectrix,	  ruler,	  coloring	  utensils	  	  	  *Color-­‐coding	  will	  help	  distinguish	  your	  angle	  trisection	  from	  your	  original	  construction	  lines	  	  *An	  alternative	  option	  would	  be	  to	  trace	  your	  square	  and	  Trisectrix	  curve	  on	  another	  blank	  piece	  of	  paper.	  Do	  not	  trace	  any	  other	  lines.	  	  	  
Step	  1:	  Draw	  an	  angle	  with	  the	  vertex	  at	  point	  A,	  and	  one	  side	  on	  𝐴𝐵,	  make	  sure	  the	  terminal	  side	  of	  the	  angle	  is	  drawn	  long	  enough	  to	  intersect	  the	  Trisectrix	  curve.	  Label	  this	  intersection	  P.	  Draw	  the	  angle	  in	  blue.	  	  
Step	  2:	  Draw	  a	  perpendicular	  line	  to	  𝐴𝐷,  through	  P.	  Label	  the	  intersection	  of	  this	  line	  and	  side	  𝐴𝐷	  as	  Q.	  Draw	  this	  line	  in	  red.	  	  	  
Step	  3:	  Trisect	  𝐴𝑄,	  label	  the	  trisection	  R.	  For	  the	  purpose	  of	  this	  activity	  you	  may	  measure	  the	  segment	  𝐴𝑄	  and	  divide	  it	  into	  thirds	  instead	  of	  completing	  a	  straightedge	  and	  compass	  segment	  trisection.	  	  	  
Step	  4:	  Draw	  a	  line	  perpendicular	  to	  𝐴𝐷,	  through	  R.	  Make	  sure	  this	  line	  is	  long	  enough	  to	  intersect	  the	  Trisectrix	  curve.	  Label	  the	  intersection	  of	  this	  line	  and	  the	  Trisectrix	  as	  S.	  Draw	  this	  line	  in	  green.	  	  
Step	  5:	  Draw	  a	  segment	  from	  A	  to	  S.	  ∠𝑆𝐴𝐵	  is	  one-­‐third	  the	  measure	  of	  your	  original	  angle,	  and	  therefore	  your	  trisection.	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Solving	  the	  Delian	  Problem	  with	  	  
the	  Cissoid	  of	  Diocles	  
	  1.	  State	  the	  Delian	  Problem	  and	  the	  original	  rules	  required	  to	  solve	  it.	  	  	  	  	  	  	  	  	  	  	  	  	  2.	  Complete	  the	  following	  construction	  using	  the	  given	  segment	  𝐶𝐵	  on	  the	  following	  page.	  	  	  
Step	  1:	  Construct	  a	  circle	  centered	  at	  C	  with	  radius	  𝐶𝐵	  
Step	  2:	  Construct	  points	  O	  and	  A	  on	  the	  diameter	  of	  the	  circle	  such	  that	  𝑂𝐴	  is	  	   perpendicular	  to	  𝐶𝐵	  	  
Step	  3:	  At	  this	  point	  the	  cissoid	  of	  Diocles	  would	  be	  constructed.	  It	  is	  already	  	   provided	  for	  you.	  Point	  O	  should	  be	  at	  the	  pole	  of	  the	  cissoid.	  	  
Step	  4:	  Construct	  point	  D	  such	  that	  B	  is	  the	  midpoint	  of	  𝐶𝐷	  
Step	  5:	  Construct	  Q	  such	  that	  it	  is	  the	  intersection	  of	  the	  cissoid	  and	  line	  𝐴𝐷	  
Step	  6:	  Construct	  M	  such	  that	  it	  is	  the	  intersection	  of	  𝐶𝐷	  and	  𝑂𝑄	  
Step	  7:	  Construct	  𝐶𝑀	   (𝐶𝑀)! = 2(𝐶𝐵)! 	  	  	  	  
Appendix	  
106	  
Construction	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Witch	  of	  Agnesi	  
	  
Materials:	  graph	  paper,	  straight	  edge	  
 
Equations: 𝑥 = 2 cot(𝑡) and 𝑦 = 2 sin!(𝑡)   *This is our end goal 
 
Step	  1:	  Create	  the	  following	  construction	  on	  your	  graph	  paper,	  draw	  large	  	  
• Draw	  a	  circle	  with	  center	  (0,a)	  and	  radius	  =	  a	  
• Draw	  a	  line	  tangent	  to	  the	  circle	  at	  y	  =	  2a	  
• Choose	  a	  point	  on	  your	  tangent	  line	  and	  label	  it	  A	  
• Draw	  a	  perpendicular	  line	  to	  the	  x-­‐axis,	  through	  A,	  label	  as	  line	  n	  
• Draw	  a	  line	  segment	  from	  A	  to	  the	  origin	  
• Label	  the	  point	  where	  this	  line	  segment	  intersects	  the	  circle	  as	  point	  B	  
• Draw	  a	  line	  parallel	  to	  y	  =	  2a	  through	  point	  B,	  label	  as	  line	  m	  
• Label	  the	  intersection	  of	  lines	  n	  and	  m	  as	  point	  P	  =	  (x,	  y)	  
• Label	  the	  angle	  created	  by	  segment	  OA	  and	  the	  x-­‐axis	  as	  t	  
• Draw	  a	  diameter	  from	  y	  =	  2a	  to	  the	  x-­‐axis,	  through	  the	  circle’s	  center	  
• Label	  the	  point	  on	  the	  diameter	  at	  the	  top	  of	  the	  circle	  as	  Q	  
• Draw	  a	  segment	  from	  Q	  to	  B	  The	  locus	  of	  points	  P	  traced	  out	  as	  A	  moves	  along	  𝑦 = 2𝑎,  is	  the	  Witch	  of	  Agnesi.	  	  (Think	  about	  your	  construction	  moving	  the	  same	  way	  as	  the	  animation	  before)	  	  The	  rest	  of	  the	  proof	  will	  be	  utilizing	  your	  construction	  to	  get	  the	  coordinate	  (x,y)	  of	  
P	  in	  terms	  of	  t,	  resulting	  in	  the	  equations	  given	  above.	  	  	  
Step	  2:	  Find	  the	  cotangent	  of	  t	  and	  solve	  for	  x.	  	  	  	  	  	  	  	  
This	  is	  the	  first	  parametric	  equation.	  
	  
Step	  3:	  Explain	  why	  ∆𝑂𝐶𝐴	  is	  a	  right	  triangle.	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Step	  4:	  Explain	  why	  ∆𝑄𝐵𝑂	  is	  a	  right	  triangle.	  	  	  	  	  	  
Step	  5:	  Explain	  why	  ∆𝐵𝐴𝑄	  is	  a	  right	  triangle.	  	  	  	  	  	  	  
Step	  6:	  Explain	  why	  ∠𝑄𝑂𝐵 = 𝑡.	  
	  	  
	  
	  
	  
Step	  7:	  Using	  ∆𝑄𝐵𝑂	  calculate	  the	  sine	  of	  t,	  solve	  for	  𝑂𝐵.	  	  	  	  	  	  
Step	  8:	  Using	  ???	  calculate	  the	  sine	  of	  t,	  solve	  for	  𝑂𝐵.	  	  	  	  	  	  	  
Step	  9:	  Substitute	  the	  previous	  equation	  into	  your	  equation	  from	  step	  7.	  Solve	  for	  y.	  	  	  	  	  	  	  	  	  	  
*You	  have	  now	  derived	  both	  parametric	  equations	  of	  the	  Witch	  of	  Agnesi	  from	  
your	  construction!	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Verify	  that	  𝒚 = 𝟏𝟏!𝒙𝟐	  is	  the	  Witch	  of	  Agnesi	  curve	  when	  𝒂 = 𝟏𝟐.	  	  
	  
	  	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
Graph	  this	  curve	  in	  your	  graphing	  calculator	  and	  sketch	  below.	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Equation	  of	  a	  Hanging	  String	  	  
Materials:	  string,	  tape,	  graph	  paper	  	  
Instructions:	  	  6. One	  partner	  will	  hold	  your	  graph	  paper	  still	  against	  a	  wall	  in	  the	  room.	  	   7. Tape	  your	  string,	  on	  both	  ends,	  to	  the	  graph	  paper	  where	  it	  hangs	  down.	  Do	  not	  pull	  the	  string	  tight,	  you	  want	  it	  to	  hang	  down.	  	  (Hint:	  try	  and	  get	  the	  vertex	  of	  your	  string	  to	  touch	  a	  “nice”	  point	  on	  your	  graph	  paper,	  make	  this	  the	  origin)	  	   8. The	  second	  partner	  will	  then	  trace	  the	  path	  of	  the	  string	  as	  close	  as	  possible	  on	  the	  graph	  paper.	  	  	   9. Remove	  your	  graph	  paper	  from	  the	  wall	  and	  carefully	  pull	  the	  string	  off	  the	  paper.	  	  	  	   10. Identify	  some	  “nice”	  points	  on	  your	  graph	  paper	  and	  answer	  the	  following	  questions.	  	  	  	  
Questions	  
	  1.)	  What	  shape	  does	  your	  hanging	  string	  appear	  to	  have?	  	  	  	  	  	  2.)	  Write	  an	  equation	  for	  your	  graph.	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3.)	  Create	  a	  table	  of	  values	  for	  the	  equation	  you	  came	  up	  with	  in	  question	  two.	  Plot	  this	  graph	  on	  the	  same	  graph	  as	  your	  string	  	  	  
X	   	   	   	   	   	   	   	  
Y	   	   	   	   	   	   	   	  	  	  	  	  	  	  	  	  4.)	  Does	  the	  graph	  of	  your	  hanging	  string	  match	  perfectly	  with	  the	  graph	  of	  your	  equation?	  Describe	  your	  two	  graphs	  in	  relation	  to	  each	  other.	  	  	  	  	  	  	  	  	  	  5.)	  What	  conclusion	  can	  you	  make	  about	  the	  graph	  of	  a	  hanging	  string?	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Cycloid	  Notes	  	  
Definition:	  	  •	  The	  curve	  traced	  by	  a	  point	  on	  the	  rim	  of	  a	  circular	  wheel	  as	  the	  wheel	  rolls	  along	  a	  straight	  line.	  	  •	  A	  curve	  generated	  by	  a	  point	  on	  the	  circumference	  of	  a	  circle	  that	  rolls,	  without	  slipping,	  on	  a	  straight	  line.	  	  1.)	  Based	  on	  the	  previous	  definition,	  sketch	  a	  cycloid.	  	  	  	  	  	  	  	  2.)	  What	  is	  the	  straight	  line	  distance	  between	  the	  beginning	  and	  end	  of	  a	  cycloid?	  	  	  	  3.)	  What	  is	  the	  height	  of	  a	  cycloid?	  	  	  	  Use	  the	  following	  diagram	  to	  answer	  the	  remaining	  questions.	  	  	  
Generating	  circle	  	  
r	  =	  radius	  𝜃	  =	  angle	  of	  rotation	  	  	  	  	  	  	  	  	  of	  circle	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4.)	  	  Find	  the	  coordinates	  of	  the	  following	  point	  in	  terms	  of	  r	  and	  𝜃.	  	  Point	  A:	  	  	  	  	  Point	  C:	  	  	  	  	  5.)	  Find	  the	  length	  of	  𝑃𝐵	  and	  𝐵𝐶,	  in	  terms	  of	  𝜃,	  using	  trigonometry	  	  	  	  	  	  	  	  	  6.)	  Use	  the	  results	  in	  the	  previous	  question	  to	  find	  the	  coordinates	  of	  B	  and	  P.	  	  	  	  	  	  	  	  	  	  	  The	  coordinates	  of	  P	  represent	  a	  parametric	  equation	  for	  a	  cycloid.	  	  	  
Parametric	  Equation	  of	  a	  Cycloid:	  
	   	  
 
